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In the Beginning

the world was void.

A nd then a voic e c ame and sp oke:

Ther e shalt b e Zer o and One.

Ther e shalt b e a di�er enc e

b etwe en dark and light,

e arth and sky

water and land.

Humanity c ame.

A nd they claime d

to disc over things like

night and day

truth and b e auty

mind and matter.

But, when you lo ok close enough,

al l you have ar e Zer o es and Ones.
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Chapter 1

In tro duction

The pur e and simple truth

is r ar ely pur e and never simple.

(Osc ar Wilde)

Solving equations is a task as old as math itself. The concepts of generating solutions for arithmetic terms,

for example, are w ell understo o d and op erationalized in the sense that they can b e executed on computing

devices. This thesis is dedicated to the automation of solving an equational theory that is less p opular but

highly in teresting in the realm of computer science, namely the theory of bit-v ectors.

A Bit-V ector is a Bit-V ector

As the name suggests, bit-v ectors are but a sp ecial case of common arra y-lik e data-structures. Ho w ev er,

op erations on bit-v ectors lik e concatenation and extraction of con tiguous parts are un t ypical for v ectors

and rather remind one of strings. F urthermore, the prop ert y of a binary alphab et not only limits the

expressiv eness but also o�ers a c haracteristic that can b e utilized.

Of course, bit-v ectors can b e enco ded b y means of arra ys, strings or natural n um b ers. In this thesis it

is claimed, ho w ev er, that these approac hes w ater do wn the in teresting p eculiarities of bit-v ector terms that

are starting p oin ts for solving bit-v ector equations.

Solving Equations in Hardw are V eri�cation

F rom an abstract p oin t of view, solving of equations just mak es the information con tained more explicit.

If the equation is trivial or unsatis�able solving yields true or false resp ectiv ely; otherwise, an equiv alen t

solv ed system of equations is computed.

In the con text of hardw are v eri�cation, e�cien t mec hanization of solving is required in order to pro cess

complex and tedious pro ofs. Here, form ulae do seldom in v olv e only statemen ts ab out bit-v ectors but are

rather a conglomerate of v arious theories lik e natural n um b ers, lists and bit-v ectors. This motiv ates the idea

to em b ed solv er algorithms for n umerous theories in a capacious framew ork.

Deciding Com binations of Quan ti�er-F ree Theories

A prominen t approac h for deciding the com bination of theories is presen ted b y Shostak [Sho84]. The

k ey to his algorithm is the computation of the c ongruenc e closur e of a binary relation on a �nite lab eled

graph [Gal87]. Here, a relation is called congruen t, if it is b oth an equiv alence relation and bac kw ard closed.

This means informally that the congruence of t w o no des follo ws from the congruence of all the (ordered)

successor no des. By means of this tec hnique, simpli�ers for individual unquan ti�ed �rst-order theories are

merged in to a single pro cedure.

6



CHAPTER 1. INTR ODUCTION 7

In addition, Shostak's metho d requires that eac h distinct theory has the prop ert y of algebr aic solvability . A

theory is algebraically solv able if there exists a computable function sol v e , that tak es an equation s = t and

returns either true , false , or an equiv alen t conjunction of equations of the form x

i

= t

i

, where the x

i

's are

distinct v ariables of t that do not o ccur in an y of the t

i

's.

The Relev ance of this Thesis

Although bit-v ectors are a fundamen tal data structure, apparen tly they ha v e not attained prop er atten tion

in the past. In particular, the c haracteristics of the theory of bit-v ectors are widely neglected and an

e�cien t concept for solving bit-v ector equations has not y et b een etablished. In industrial sized applications

lik e the formal v eri�cation of the AAMP5 micropro cessor b y Miller and Sriv as [MS95], a lac k of e�cien t

automatization pro v ed to b e a ma jor b ottelnec k.

This thesis in v estigates the problem of solving bit-v ector equations b oth from a theoretical and practical

side. Complexit y and decidabilit y of bit-v ector theories including concatenation, extraction, bit-wise b o olean

op erations and arithmetic are observ ed. Bo olean op erations on are in tro duced b y means of ordered binary

decision diagrams, whic h also pro vide a conceptually clean w a y to enco de arithmetic. Generalizations that

allo w the width of bit-v ector v ariables to b e unkno wn are discussed as w ell. Surprisingly , extensions that

main tain the �xed size lead to theories that are releated in the w a y , that for all of them the w ord problem is

N P -complete. As exp ected, far reac hing exten tion of the bit-v ector theory leads neccessarily to the incom-

pleteness of an y solv er algorithm. A pro of is obtained b y reduction of the halting problem. F urthermore, a

more accurate c haracterization of the expressiv eness of solving is dev elop ed. In general, solving algorithms

can b e utilized to decide quan ti�ed equations, whic h is made explicit in the Quan ti�cation Lemma 2.9.

On the practical side, sev eral approac hes for solving bit-v ector theories are explored in this thesis. The task

of solving �xed-sized equations is p erformed b y means of a translation to w eak second order monadic logic,

an equational transformation system and an op erationalized and e�cien t v ersion of the latter, supp orted

b y heuristics. These approac hes are corrob orated b y implemen tations and run-time exp erimen ts. Finally ,

a general concept for solving bit-v ector equations with v ariable width is giv en. The algorithms prsen ted

in this thesis ha v e all b een implemen ted and can b e obtained at the Bit-V ector Researc h P age in Ulm:

http://www.info rma ti k. uni -u lm. de /ki /B it vec to r/i nd ex .ht ml

Ov erview

The thesis is organized as follo ws. Chapter 2 includes a formal de�nition for the theory of bit-v ectors together

with a canonizer and solv er. Extensions are in tro duced and an insp ection of the complexit y increase is giv en.

In c hapter 3 decidabilit y of expressiv e bit-v ector theories is discussed, culminating in the pro of that a solv er

for a rather general theory cannot exist. In c hapter 4, three approac hes for solving �xed-sized bit-v ector

equations are treated and compared according to run-time p erformance. An in tuitiv e extension to v ariable

width is presen ted in c hapter 5.

Ac kno wledgemen ts

The author w ould lik e to express his gratitude to F.W. v on Henk e, J. Rush b y and Harald Rue�. Without

their kind supp ort and Harald's nagging questions, this w ork on reasoning ab out bit-v ectors w ould not ha v e

tak en place.



Chapter 2

Basics

The p oint of philosophy is to start with something so

simple as not to se em worth stating, and to end with

something so p ar adoxic al that no one wil l b elieve it.

(Bertr and R ussel l, The Philosophy of L o gic al A tomism)

In this c hapter an equational theory of �xed-sized bit-v ectors including only concatenation and extraction

op erations, the so-called c or e the ory , is de�ned. Then, a canonizer and a simple solv er for the core theory

is presen ted. Finally , extensions of the core theory to bit wise b o olean op erations, arithmetic and v ariable

extraction and width are discussed.

2.1 A Core Theory of Bit-V ectors

This section dev elops an equational theory for the �xed-sized bit-v ectors of width n . Hereb y the width

n is constrained to b e a p ositiv e natural n um b er, since bit-v ectors of width 0 are excluded. The bits of a

bit-v ector of width n are indexed from left to righ t, starting with index 0. In the follo wing, n; m; p; : : : denote

v alid widths of bit-v ectors. The bit-v ector theory con tains constan ts c

[ n ]

of width n , c onc atenation t 
 u of

bit-v ectors t and u , and extr action t [ j : i ] , where i; j 2 I N , of i � j + 1 man y bits j through i from bit-v ector t .

These considerations lead to a man y-sorted signature (see, for example, [Gal87]) with in�nitely man y sort

sym b ols bv ec

n

, n 2 I N

+

.

De�nition 2.1 Let �


 ; [1:1]

b e the signature

�


 ; [1:1]

:

= h f bv ec

n

j n 2 I N

+

g ;

f c

[ n ]

j n 2 I N

+

; 0 � c < 2

n

g[

f : 


n;m

: j n; m 2 I N

+

g[

f : [ j : i ]

n

j n 2 I N

+

^ i; j 2 I N ^ 0 � j � i < n g i

suc h that for appropriate n , i , and j :

c

[ n ]

: ! bv ec

n

: 


n;m

: : bv ec

n

� bv ec

m

! bv ec

n + m

: [ j : i ]

n

: bv ec

n

! bv ec

i � j +1

y
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CHAPTER 2. BASICS 9

The dots to the left and to the righ t of function sym b ols indicate the use of in�x notation. Extraction is

assumed to bind stronger than concatenation. In the follo wing, x

[ n ]

; y

[ m ]

; z

[ p ]

; : : : denote v ariables of sort

bv ec

n

, bv ec

m

, and bv ec

p

resp ectiv ely . The set of w ell-formed bit-v ector terms is de�ned in the usual w a y and

t

[ n ]

; u

[ m ]

; v

[ p ]

; : : : denote bit-v ector terms of resp ectiv e widths. Subscripts are omitted whenev er p ossible and

can b e inferred from the con text. Moreo v er, t

.

= u denotes syn tactic equalit y of terms t and u , and v ar s ( t )

denotes the set of v ariables in t .

A bit-v ector term t is called atomic if it is a v ariable or a constan t, and simple terms are either atomic

or of the form x

[ n ]

[ j : i ] where x

[ n ]

is a v ariable and at least one of the inequalities i 6= n � 1, j 6= 0 holds.

Moreo v er, terms of the form t

1


 t

2


 : : : 
 t

k

(mo dulo asso ciativit y), where t

i

are all simple , are referred to as

b eing in c onc atenation normal form . If, in addition, none of the neigh b oring simple terms denote constan ts

and a simple term of the form x [ j : i ] is not follo w ed b y a simple term of the form x [ i + 1 : k ], then a term

in concatenation normal form is called maximal ly c onne cte d .

De�nition 2.2 The core theory of bit-v ectors with concatenation and extraction is denoted b y B V


 ; [1:1]

.

Let �


 ; [1:1]

b e the signature from De�nition 2.1; then equational prop erties of B V


 ; [1:1]

are giv en b y the

(conditional) �


 ; [1:1]

-equalities

1) ( t

[ n ]


 u

[ m ]

)[ j : i ] = t

[ n ]

[ j : i ] If 0 � j � i < n

2) ( t

[ n ]


 u

[ m ]

)[ j : i ] = u

[ m ]

[ j � n : i � n ] If n � j � i < m + n

3) ( t

[ n ]


 u

[ m ]

)[ j : i ] = t

[ n ]

[ j : n � 1] 
 u

[ m ]

[0 : i � n ] If j < n � i < m + n

4) t

[ n ]

[0 : n � 1] = t

[ n ]

5) t

[ n ]

[ k : j � 1] 
 t

[ n ]

[ j : i ] = t

[ n ]

[ k : i ]

6) ( t

[ n ]


 u

[ m ]

) 
 v

[ p ]

= t

[ n ]


 ( u

[ m ]


 v

[ p ]

)

7) t

[ n ]

[ j : i ] [ l : k ] = t

[ n ]

[ l + j : k + j ]

y

Note that w ell-formedness of bit-v ector terms implies that 0 � k < j � i < n in equation 5) and 0 � l � k � n

^ 0 � l � k � i � j in equation 7) ab o v e. Seman tic en tailmen t j = in the equational theory ab o v e is de�ned

in the usual w a y .

Fixed-sized bit-v ectors of width n can b e in terpreted as �nite functions with domain [0 ::n ) and

co domain f 0 ; 1 g :

c

[ n ]

:

= �x : [0 ::n ) : ( c DIV 2

x

) MOD 2

s

[ n ]


 t

[ m ]

:

= �x : [0 ::n + m ) : If x < n Then s

[ n ]

( x ) Else t

[ m ]

( x � n )

s

[ n ]

[ j : i ]

:

= �x : [0 ::i � j + 1) : s

[ n ]

( x + j )

with appropriate i and j . Sometimes w e also use the notation x

[ n ]

( i ) in order to refer to the i

th

bit \0"

or \1". Finally , concatenations of \1"s are abbreviated b y -1

[ n ]

, whic h reminds of the correct notation

(2

n

-1)

[ n ]

.

a

2.2 Solving Bit-V ector Equations

Throughout this thesis, solving is understo o d in terms of matc hing the requiremen ts of Shostak's framew ork of

com bining decision pro cedures, as applied in pro of assistance systems lik e EHDM [Com93] and PVS [ORS92].

Here, t w o distinct functions for eac h equational theory ha v e to b e implemen ted, whic h are called canonizer

and solv er. This demand is satis�ed in this section b y presen ting a canonizer for the core theory and also a

simple though not e�cien t solv er. Their prop erties are made explicit in the follo wing.

a

In related w ork, sometimes the notation 1

[ n ]

is found. Ho w ev er, this could lead to confusions.
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2.2.1 Canonizing Bit-V ector T erms

Informally , a c anonizer transforms terms of some ground equational theory T in to an equiv alen t and w ell-

de�ned canonical form. In case of B V


 ; [1:1]

, this is the maximally connected form.

Lemma 2.1:

The algorithm in Figure 2.1 yields a maximally connected form.

Pro of: Sub-pro cedure � dissolv es encapsulated structures. This results in a concatenation of simple

terms and extractions lik e x

[ n ]

[0 : n - 1] are simpli�ed to x

[ n ]

. The sub-pro cedure � com bines all simple terms

standing abreast, if they are attac hable. F or example, t

[ n ]

[ k : j � 1] 
 t

[ n ]

[ j : i ] is attac hed to t

[ n ]

[ k : i ]. Th us,

the result of � � � is maximally connected.

�

Theorem 2.2: [Prop erties of the Solv er]

Let T


 ; [1:1]

denotes the set of w ell-formed terms in the core theory of bit-v ectors. The pro cedure

� displa y ed in Figure 2.1 ful�lls the follo wing prop erties:

1. An equation t = u in the theory is v alid i� � ( t )

.

= � ( u )

2. If t 62 T


 ; [1:1]

then � (t)

.

= t

3. � ( � ( t ))

.

= � ( t )

4. If � ( t )

.

= f ( t

1

; : : : ; t

n

) for a term t 2 T , then � ( t

i

)

.

= t

i

for 1 � i � n

5. v ars ( � ( t )) � v ars ( t )

Pro of: By insp ection and Lemma 2.1.

�

Therefore, � ful�lls the requiremen ts on canonizers as stated in [CLS96] to allo w in tegration in Shostak's

framew ork. It has b een sho wn in [CMR96], that the w orst-time complexit y of � is O ( j s j � log n + n log n ).

Note: In the American sp eec h area, the separation of the tec hnical terms c anonization and normalization

is sometimes a bit slopp y . In this thesis a canonical form is understo o d as the unique represen tation of a

term (see 1.), whereas normalization only transforms to a w ell-de�ned form without necessarily pro viding

this prop ert y . F or example, x

[8]

[1 : 3] 
 x

[8]

[4 : 5] is in concatenation normal form. But the corresp onding

canonical term is also maximally connected, namely x

[8]

[1 : 5] .

2.2.2 The F unction called Solv er

A solv er for an algebraic theory T transforms equations in this theory in to a more explicit form. In extreme

cases, it returns true or false namely if the equation is v alid or unsatis�able. Otherwise, the solv er returns

a represen tation of all satisfying mo dels, whic h is not neccessarily unique.

2.2.3 Solving Fixed-Sized Bit-V ector Equations

The simplest approac h for solving bit-v ector equations in v olv es bit-wise splitting. A bit-v ector equation

t

[ n ]

= u

[ n ]

, where t

[ n ]

and u

[ n ]

are maximally connected, can b e understo o d as a collection of equations on

bits:

t:
u:

... n-10 1 2
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� ( s )

:

= Cases s Of

t 
 u ! � ( t ) 
 � ( u )

t

[ n ]

[0 : n - 1] ! � ( t

[ n ]

)

t [ j : i ] [ l : k ] ! � ( t [ l + j : k + j ])

( t

[ n ]


 u

[ m ]

)[ j : i ] ! If i < n Then � ( t

[ n ]

[ j : i ])

Elseif

n � j Then � ( u

[ m ]

[ j - n : i - n ])

Else � ( t

[ n ]

[ j : n -1] ) 
 � ( u

[ m ]

[0 : i - n ])

Endif

Endcases

� ( s )

:

= Cases s Of

c

[ n ]


 c

0

[ m ]


 u ! �

�

( c + 2

n

� c

0

)

[ n + m ]


 u

�

c

[ n ]


 u ! c

[ n ]


 � ( u )

x

[ n ]

[ j : i ] 
 x

[ n ]

[ i + 1 : k ] 
 u ! � ( � ( x

[ n ]

[ j : k ]) 
 u )

x

[ n ]

h

[ j : i ]

i


 u ! x

[ n ]

h

[ j : i ]

i


 � ( u )

Other wise s

Endcases

� ( s )

:

= � ( � ( s ))

Figure 2.1: A Canonizer for Computing the Maximally Connected F orm

The bit-v ectors t

[ n ]

and u

[ n ]

are dissolv ed to their bits t

[ n ]

[0 : 0], t

[ n ]

[1 : 1] ... u

[ n ]

[ n -1 : n -1] . These bits are

either constan ts or extractions of width one on bit-v ector v ariables.

Eac h splin ter of a bit-v ector v ariable is treated lik e a simple b o olean v ariable. Th us n equations in

the b o olean realm are obtained that can b e propagated one b y one. A pseudo co de represen tation of this

algorithm is giv en in Figure 2.2. In this form, it runs in w orst-time complexit y O ( n

4

), due to the F orea ch -

selection in line 8.

Theorem 2.3:

Let E

:

= s ( e ), t

i

denote terms in the core theory B V


 ; [1:1]

and x

i

represen t original v ariables.

The solver s in Figure 2.2 ful�ls the follo wing prop erties:

1. ` e , s ( e ) is in the theory

2. E 2 f true ; false g or E =

V

i

x

i

= t

i

3. If e con tains no v ariables, then E 2 f true ; false g

4. If E =

V

i

x

i

= t

i

, then the follo wing holds:

(a) x

i

2 v ars ( e )

(b) for all i; j : x

i

62 v ars ( t

j

)

(c) for all i; j : x

i

6= x

j

(d) for all i : � ( t

i

) = � ( t

i

)

Pro of: By insp ection.

�
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naiv e- solv e ( t

[ n ]

!

= u

[ n ]

) =

V

:

= v ars ( t

[ n ]

) [ v ars ( u

[ n ]

)

F orea ch i 2 f 0 ; : : : ; n � 1 g Do E

i

:

= f � ( t

[ n ]

[ i : i ] ) ; � ( u

[ n ]

[ i : i ]) g Od

E

:

=

�

E

1

; : : : ; E

n � 1

	

While 9 i; j : i 6= j : E

i

\ E

j

6= ; Do

E

i

:

= E

i

[ E

j

E

:

= E n E

j

Od

F orea ch E

i

2 E Do r

i

:

= If c

[1]

2 E

i

Then c

[1]

Else v

[ m ]

[ i : i ] 2

C H O O S E

E

i

Endif Od

r ( v

[ m ]

[ i : i ] : v

[ m ]

2 V )

:

= If 9 E

j

: v

[ m ]

[ i : i ] 2 E

j

Then r

j

Else v

[ m ]

[ i : i ]

Endif

Case 9 E

i

: 0

[1]

2 E

i

^ 1

[1]

2 E

i

) Return false

8 E

i

2 E : j E

i

j = 1 ) Return true

Else ) Return

�

v

[ m ]

=

m - 1

N

i =0

r ( v

[ m ]

[ i : i ])

�

�

�

v

[ m ]

2 V

�

Endcase

Figure 2.2: A Simple Solv er for the Core Theory

These prop erties matc h the requiremen ts of Shostak's framew ork (cf. [CLS96]). A result in this format is

referred to as b eing in solve d form . The core theory has the b eautiful feature of b eing c onvex , i.e. an y most

general solution can b e expressed b y a conjunction of equations. This prop ert y is lost while extension to

v ariable width and therefore the notion of solving has to b e extended as w ell. This is treated in section 2.4.5.

2.3 Extensions

In this section the core theory is extended to include op erations lik e bit-wise b o olean op erations and arith-

metic and also p ermit v ariable extraction and unkno wn width, though the latter is treated more explicitly

in section 2.4. F or eac h extension an appropriate generalization of the canonical form is discussed. First,

some syn tactic sugar is in tro duced.

2.3.1 Syn tactic Sugar

The follo wing extensions of the core theory do not enlarge the syn tactic p o w er of the core theory , for they

can b e completely expressed b y means of concatenation and extraction.
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De�nition 2.3: [Syn tactic Sugar]

�ll

[ n ]

( b : B it )

:

=

�

b � (2

n

-1)

�

[ n ]

rep eat ( t

[ n ]

; m )

:

= If m = 1 Then t

[ n ]

Else t

[ n ]


 r epeat ( t

[ n ]

; m -1)

Endif

ext ( t

[ n ]

; l )

:

= If n j l Then t

[ n ]

l = n

Else t

[ n ]

l D I V n


 t

[ n ]

[0 : ( l M O D n ) � 1]

Endif

shift ( t

[ n ]

; m )

:

= 0

[ m ]


 t

[ n ]

rotateleft ( t

[ n ]

; m )

:

= t

[ n ]

[0 : n - m -1] 
 t

[ n ]

[ n - m : n -1]

rotaterigh t ( t

[ n ]

; m )

:

= t

[ n ]

[ m : n -1] 
 t

[ n ]

[0 : m -1]

y

The �l l op erator iterates some bit n times. If the bit is �xed, these expressions are canonized to 0

[ n ]

and

-1

[ n ]

resp ectiv ely . The more 
exible op eration r ep e at denotes the concatenation of the same bit-v ector

�nitely often. Lik e in regular expressions, this is mark ed b y an exp onen t, lik e t

[ n ]

3

= t

[ n ]


 t

[ n ]


 t

[ n ]

. A more

general form of this rep eat is the extension of a bit-v ector term to a �xed length b y iteration up to the

desired p oin t as de�ned in [BP98]. The shift op eration adds some padding with zero es, usually up fron t. A

shift ( t

[ n ]

; m ) is equiv alen t to 0

[ m ]


 t

[ n ]

. Similar are r otations to the left or the righ t that push o v er
o wing

bits bac k to the b eginning. A rotateleft ( x

[8]

,2), for example, results in x

[ n ]

[0 : 5] 
 x

[ n ]

[6 : 7].

F or these notations ha v e an equiv alen t, more basic represen tation in the core theory , they are treated as

macros. During canonization, they are unfolded to their righ t hand side in De�nition 2.3.

2.3.2 Bit-Wise Bo olean Op erations

A b o olean connectiv e \ � " applied on bit-v ector terms is understo o d as the bit-wise application of this

op eration.

De�nition 2.4

s

[ n ]

� t

[ n ]

:

=

�

s

[ n ]

[0 : 0] � t

[ n ]

[0 : 0]

�


 � � � 


�

s

[ n ]

[ n -1 : n -1] � t

[ n ]

[ n -1 : n - 1]

�

y

W ell-formedness requires that the argumen ts of b o olean op erations are bit-v ector terms of equal width.

Canonization via OBDDs

In order to obtain a canonical form of b o olean bit-v ector terms, the notion of or der e d binary de cision diagr ams

(OBDDs) [Bry92] is in tro duced. These structures are also kno wn as one-time only branc hing programs, where

the set of no de v ariables are visited in a �xed (though arbitrary) order (cf. [vL90a, p.796�]).

De�nition 2.5 A bit-ve ctor OBDD of width n is a ro oted, directed and acyclic graph where the no des

are mark ed with bit-v ector v ariables or extractions on bit-v ector v ariables of width n . The only leaf no des

are 0

[ n ]

( false ) and -1

[ n ]

( true ). Eac h non-leaf no de has exactly t w o successors. By con v en tion, the edges

displa y ed on the righ t side in diagrams are called the the-e dges and are follo w ed, if the no de ev aluates to

true . The left edges or else-e dges are follo w ed, if the ev aluation yields a false . F rom ro ot to lea v es, the

marks of the no des o ccur according to an arbitrary but �xed order. The structure of a bit-v ector OBDD is

required to b e maximally shared.

y
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Ob viously , bit-v ector OBDDs can b e utilized to represen t all kinds of bit-wise b o olean op erations. The

bit-v ector term x

[3]

^ y

[3]

, for example, is represen ted as

Example 2.1

0 1

x

y

[3]

[3]

[3][3] -
Ite ( x

[3]

; Ite ( y

[3]

; -1

[3]

; 0

[3]

) ; 0

[3]

)

The Ite conditional (if-then-else) is equiv alen t to the graph represen tation on the left. The in tended

meaning of suc h a bit-v ector OBDD is the concatenation of n analogous binary functions, applied on the n

individual bits of the bit-v ector v ariables. Th us, the OBDD in Example 2.1 is equiv alen t to

Example 2.2

0 1

x

y

[3]

[3]

[1] [1]

[0:0]

[0:0]

- 0 1

x

y

[3]

[3]

[1] [1]

[2:2]

[2:2]

-0 1

x

y

[3]

[3]

[1] [1]

[1:1]

[1:1]

-

Ite ( x

[3]

[0 : 0] ; Ite ( y

[3]

[0 : 0] ; 1

[1]

; 0

[1]

) ; 0

[1]

) 


Ite ( x

[3]

[1 : 1] ; Ite ( y

[3]

[1 : 1] ; 1

[1]

; 0

[1]

) ; 0

[1]

) 


Ite ( x

[3]

[2 : 2] ; Ite ( y

[3]

[2 : 2] ; 1

[1]

; 0

[1]

) ; 0

[1]

)

A Canonical F orm

Since b oth extraction and concatenation distribute o v er bit-v ector OBDDs, the canonical form for the core

theory can b e extended in a straigh t-forw ard w a y to also include b o olean op erations.

De�nition 2.6 [Extended Canonical F orm]

A bit-v ector OBDD is called trivial if it is of the form Ite ( t

[ n ]

, -1

[ n ]

, 0

[ n ]

). Non-trivial bit-v ector OBDDs

are simple terms. A bit-v ector term u

[ n ]

is c anonic al , if

� none of the OBDDs in u

[ n ]

is trivial

� u

[ n ]

is either a simple term or a concatenation of simple terms, suc h that no connected simple terms

can b e attac hed.

If no OBDDs o ccur, this is conform with the de�nition of the maximally connected form

y

The notion of simple terms is exteded to include also bit-v ector OBDDs whose no des are either bit-v ector

v ariables or extractions on bit-v ector v ariables. This allo ws an e�ectiv e represen tation of b o olean bit-v ector

terms of large width while minimizing the n um b er of in tro duced no des. T rivial OBDDs Ite ( t

[ n ]

, -1

[ n ]

, 0

[ n ]

)

are canonized to t

[ n ]

. The canonical form of x

[3]

^ y

[3]

is giv en in example 2.1.

2.3.3 Arithmetic

In most hardw are con texts, arithmetic mo dulo a rest class ring Z

n

is a m ust. F or simplicit y , w e restrict our

atten tion to addition. F ollo wing the prop osed concepts, other op erations can b e de�ned straigh t-forw ard. In
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order to express the connection b et w een bit-v ectors and natural n um b ers, the function pair b v2nat

�

:

�

and

nat2b v

[ : ]

�

:

�

is in tro duced.

De�nition 2.7 [Arithmetic In terpretation]

b v2nat

�

t

[ n ]

�

:

=

n � 1

P

i =0

t

[ n ]

( i ) � 2

i

nat2b v

[ n ]

�

c

�

:

= ( c M O D 2

n

)

[ n ]

where t

[ n ]

: bv ec

n

and c: I N .

y

This allo ws to express addition +

[ n ]

as a collection of in�nitely man y function sym b ols.

De�nition 2.8 [Addition]

x

[ n ]

+

[ n ]

y

[ n ]

:

= nat2b v

[ n ]

�

( b v2nat

�

x

[ n ]

�

+ b v2nat

�

y

[ n ]

�

M O D 2

n

)

�

y

Bo olean op erations bind stronger than addition. If they are pro vided, subtr action can b e in tro duced b y

means of a deriv ed macro op eration. In particular it is su�cien t to de�ne a \negativ e" n um b er via the

( n -1)-complemen t:

De�nition 2.9 [Unary Min us]

� x

[ n ]

:

= : x

[ n ]

+

[ n ]

1

[ n ]

y

This is consisten t with our declaration of -1

[ n ]

in section 2.1, since the ( n -1)-complemen t of -1 is a

concatenation of n \1"s .

The Canonization Problem

Whenev er the theory includes concatenation, extractions or b o olean op erations as w ell, the addition

op eration leads to canonization problems. F or example, the follo wing terms on the left hand side are

equiv alen t to their righ t hand side coun terpart, but there do es not seem to b e an in tuitiv e criterion on

whic h represen tation is to b e called canonical:

Example 2.3

x

[8]

+

[8]

x

[8]

= 0

[1]


 x

[8]

[0 : 6]

�

x

[8]

+

[8]

12

[8]

�

[1 : 7] = x

[8]

[1 : 7]+

[7]

6

[7]

x

[2]

+

[2]

y

[2]

=

�

x

[2]

X O R y

[2]

X O R 0

[1]

�




�

x

[2]

[0 : 0] ^ y

[2]

[0 : 0]

�

Canonization is one of the requiremen ts for em b edding v arious theories in to Shostak's framew ork of congru-

ence closure. So either the task of canonizing has to b e solv ed or the framew ork has to b e enlarged to a

more general one. T o the b est of m y kno wledge, neither of this has b een solv ed y et in a w a y resulting in

reasonable run-time (cf. also [BP98]).

In the approac h describ ed b elo w a canonical form is de�ned, th us solving the canonization problem.

Ho w ev er, the cost|in terms of computation time|is rather high.

Arithmetic via OBDDs

Due to the �nite domain, an y arithmetic op eration can b e expressed b y means of Bo olean functions and

consequen tly via OBDDs. The idea here is to split up the argumen ts in to a concatenation of bits and

compute a concatenation of OBDDs incremen tally . If the op eration is an addition, a ripple-carry adder

describ es the applied b o olean functionalit y precisely .
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Unfortunately , in man y practical cases the OBDDs gro w quite large as a consequence, for the n um b er of

\input bits" at a p osition gro ws with the width of the op eration. F or example, the term x

[2]

+

[2]

y

[2]

canonizes

to

Example 2.4

x
[2]

[0:0]

y[2] [0:0] y[2] [0:0]

0[1] -1 [1]

x
[2]

[1:1]

x
[2]

[0:0] x
[2]

[0:0]

0[1] -1 [1]

y[2] [1:1]

y[2] [0:0] y[2] [0:0] y[2] [1:1]

y[2] [1:1]y[2] [1:1]

The term order applied here is x

[2]

[1 : 1] � x

[2]

[0 : 0] � y

[2]

[1 : 1] � y

[2]

[0 : 0]. As observ ed frequen tly , the

size of the OBDDs is hea vily dep enden t on the c hoice of this order. In fact, this order is a rather bad one.

The canonization of terms x

[ n ]

+

[ n ]

y

[ n ]

uses the follo wing resources:

n 1 2 3 4 5 6 7 8 9 10

#No des at [ n - 1] 5 11 25 55 117 243 497 1007 2029 4075

#No des built 7 24 61 138 295 612 1249 2526 5083 10200

time used [s]

b

0.009 0.04 0.16 0.715 3.206 14.668 63.505 285.50 1181.98 4856.48

The task of �nding an optimal ordering is itself N P -complete (cf. [BW96]). The b est order I found (for

addition) is pushing do wn the least signi�can t p osition. F or x

[2]

+

[2]

y

[2]

and the order x

[2]

[1 : 1] � y

[2]

[1 : 1] �

x

[2]

[0 : 0] � y

[2]

[0 : 0] . F or x

[2]

+

[2]

y

[2]

this results in

Example 2.5

x
[2]

[0:0]

y[2] [0:0]

0[1] -1 [1]

x
[2]

[1:1]

0[1] -1 [1]

y[2] [0:0]

y[2] [1:1] y[2] [1:1]

y[2] [0:0]

x
[2]

[0:0] x
[2]

[0:0]

y[2] [0:0]

The OBDD to the righ t has only nine no des (instead of elev en in Example 2.4). The adv an tage b ecomes

more signi�can t with gro wing width as can b e deduced from the follo wing table.

n 1 2 3 4 5 6 7 8 9 10

#No des at [ n - 1] 5 9 21 33 45 57 69 81 93 105

# No des built 7 23 43 63 83 103 123 143 163 183

time used [s] 0.009 0.034 0.148 0.324 0.549 0.843 1.434 1.886 2.256 2.907

b

Measured with compiled Allegro Common Lisp 4.3, Lin ux on a P en tium 150MHz, 48MB of Ram.



CHAPTER 2. BASICS 17

If the op erations are go o d natured, the construction results in small OBDDs. F or example, building up

a OBDD for x

[ n ]

+

[ n ]

x

[ n ]

yields only trivial no des. Moreo v er, the canonical form is w ell de�ned for all

expressions via the already in tro duced concepts. In the example 2.3 the OBDD represen tations of the righ t

hand sides build the canonical form.

Note: There are classes of b o olean functions, where ev en for the optimal ordering OBDD sho ws a rather

bad p erformance. A pathological example is the hidden w eigh t bit function (HWB):

De�nition 2.10

HWB( x

1

; : : : ; x

n

)

:

= x

sum

; where sum

:

= x

1

+ � � � + x

n

and x

0

:

= 0

y

In [Bry91] and exp onen tial lo w er b ound in the n um b er n of v ariables w as pro v en. Refer to [BL W95] for a

more explanatory pro of, yielding the sligh tly b etter lo w er b ound 2

0 : 2 n � 1

for the n um b er of OBDD no des.

2.3.4 V ariable Extraction

So far the naturals i and j in an extraction [ j : i ] ha v e b een considered to b e constan ts. It migh t b e desirable

not to �x the p ositions where extractions apply . Then, terms lik e x

[4]

[ i : i + 1] are allo w ed, where i : I N is

an in teger v ariable. In general, t yp e correctness leads to implicit constrain ts here. F or example, the term

x

[4]

[ i : i + 1] implies 0 � i � 2.

Since the width of bit-v ectors is still �xed, the domain these in teger v ariables can b e c hosen from is �nite.

Apparen tly , the in tro duction of v ariable extraction can b e in terpreted as a �nite case-split on the width of

the con tained terms. This results in a set of terms with �xed extractions that can b e canonized and solv ed

via the metho ds describ ed previously . Ho w ev er, the task of deciding whether a bit-v ector equation with

v ariable extraction is satis�able is N P -complete; for a pro of refer to App endix B.2.

2.3.5 V ariable Width

In con trast to the extensions ab o v e, allo wing v ariable width on bit-v ector v ariables is a critical step. F ormally ,

this can b e ac hiev ed via in tro ducing dep enden t t yp es bv ec

n

where n is an in teger v ariable, x

[ n ]

: bv ec

n

.

This degree of freedom stipulates the solution approac hes more than sligh tly and is discussed in detail in

section 2.4.

2.3.6 A Classi�cation of Extensions

The extensions discussed ab o v e are not isomorphic in the sense that terms from one extension can not b e

translated in to an equiv alen t term in another one not b eing a sup erset in general. Th us, b o olean op erations,

arithmetic, v ariable extraction and v ariable width generate a palette of di�eren t theories. The o v erall picture

is sk etc hed in Figure 2.3. The criteria used (here) to measure the \di�cult y" of a theory is the complexit y

class of the language con taining but solv able equations. More precisely , giv en a theory T of bit-v ectors, this

language is de�ned as

L

T

t = u

:

= f t = u j t; u 2 T ; there exists an assignmen t � on v ars ( t ) [ v ars ( u ) with � j = t = u g

The complexit y class of the language L

T

t = u

is stated in square brac k ets. Figure 2.3 is also an ticipating some

later results and refers to an extende d c ounting the ory that is de�ned in App endix A.3 under the abbreviation

9 B V

[ n ]

. The N P -hardness of the bit-v ector theory only with comp osition and v ariable width is sho wn in

App endix A.2 (it is still op en whether it is in N P ) and the undecidabilit y of the core theory with v ariable

extraction, arithmetic, b o olean op erations and v ariable width is treated in section 3.3. The remaining pro of

of the N P -completeness of the topmost theory within the grey area is giv en here.



CHAPTER 2. BASICS 18

[NP-hard]

[undecidable]

Core Theory

+ Boolean Operations

Extended Counting

+ Arithmetic
+ variable Extraction

variable Width

[undecidable]

Theory

only composition

[in P]

[in P]

+ variable Extraction + Arithmetic + Boolean Operations

+ variable Extraction
+ Arithmetic + Boolean Operations + Boolean Operations

+ Arithmetic+ variable Extraction

[NP-complete] [NP-complete] [NP-complete]

[NP-complete][NP-complete][NP-complete]

[NP-complete]

without extraction with extraction

+ variable Extraction
+ Arithmetic
+ Boolean Operations

Core Theory

Core Theory

Core Theory

Core TheoryCore TheoryCore Theory

Core Theory

Core Theory

only composition

but with upper bound

[NP-complete]

variable Width

variable Width
only composition

?

Figure 2.3: Ov erview on Extensions and Complexit y

Theorem 2.4:

Let B V


 ; [ i : j ] ; + ; ^

b e the theory of �xed-sized bit-v ectors with v ariable extraction, arithmetic and

b o olean op erations. Then the language

L


 ; [ i : j ] ; + ; ^

t = u

:

= f t = u j t; u 2 B V


 ; [ i : j ] ; + ; ^

there exists an � on v ar s ( t ) [ v ars ( u ) with � j = t = u g

is N P -complete.

Pro of: Since the theory is �xed-sized, an y p ossible assignmen t to v ariables in t and u can b e guessed in

p olynomial time (the length information is assumed to b e giv en unary). Chec king equalit y of fully in terpreted

terms is p olynomial, th us L


 ; [ i : j ] ; + ; ^

t = u

2 N P .

The N P -hardness follo ws from the N P -hardness of the sub-theory B V


 ; [ i : j ]

as sho wn in app endix B.2.

�
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It is surprising, that the complexit y of the resulting theories builds an area of N P -complete problems

(underla y ed grey in the picture) rather than a cascade.

2.4 Bit-V ectors of Unkno wn Width

If w e do not restrict the width of bit-v ector v ariables, the notion of a solv er has to b e extended. Three

metho ds are presen ted and the dra wbac ks and adv an tages of eac h are discussed brie
y . Finally , a formalism

called frame solving according that follo ws the idea of the third metho d is de�ned.

2.4.1 The Standard Metho d: Ev erything is a Num b er

The simplest approac h of dealing with bit-v ector equation of v ariable width is to express ev erything via

natural n um b ers. More precisely , the bit-v ector terms are translated in to natural n um b er terms including

the op erations + , � 2 , DIV 2 and MOD 2 . Additionally , some side constrain ts in form of equations

and inequalities arise. The transformation can b e sk etc hed as follo ws:

x

[ n ]

! x; x < 2

n

x

[ n ]


 y

[ m ]

! x

[ n ]

� 2

m

+ y

[ m ]

x

[ n ]

[ j : i ] ! ( x

[ n ]

MOD 2

j +1

) DIV 2

i

; 0 � j � i < n

where the inequalities on the righ t are additional constrain ts. In this w a y a ric h set of state-

men ts concerning natural n um b ers can b e enco ded. Let in the follo wing x; y b e v ariables w e w an t

to apply constrain ts on, let further a; b; c; d b e auxiliary v ariables w e are not in terested in and

l ; m; n b e p osition v ariables. Then statemen ts of the follo wing form can b e generated alongside:

(i) x � 2

n

= y via

0

[1]


 a 
 a 
 x

a 
 0

[1]


 b

!

=

(ii) x � 2

n

= y � 2

m

via

0

[1]


 a 
 0

[1]


 b 
 a 
 x

a 
 0

[1]


 b 
 0

[1]


 b 
 y

!

=

(iii) x

[ n ]

= 2

m

� 1 via

0

[1]


 a 
 1

[1]


 b

[ m ]


 x

a 
 0

[1]


 b

[ m ]


 1

[1]


 b

[ m ]


 a

!

=

(iv) x

[ n ]

= 2

m

� 2

l

via

0

[1]


 a 
 1

[1]


 b

[ m � l ]


 0

[1]


 c

[ l ]


 x

a 
 0

[1]


 b

[ m � l ]


 1

[1]


 c

[ l ]


 0

[1]


 c 
 b 
 a

!

=

(v) x �

pre

y via

0

[1]


 a 
 x 
 a

a 
 0

[1]


 y 
 0

[1]

!

=

(vi) x �

sub

y via

0

[1]


 a 
 0

[1]


 b 
 b 
 x 
 a

a 
 0

[1]


 b 
 0

[1]


 0

[1]


 y 
 0

[1]

!

=

The sym b ols �

pre

and �

sub

denote an unstrict pre�x and substring relation resp ectiv ely . Note that the

leftmost p osition is view ed as the �rst one.

The adv an tage of this approac h is that the original problem is transferred in to a w ell-kno wn �eld, the

natural n um b ers (with mo dulo arithmetic). On the other hand, there are also ma y or dra wbac ks. Deciding

natural n um b ers with non-linear constrain ts and mo dulo arithmetic is a di�cult and exp ensiv e task, at least

in general. Moreo v er, the c haracteristic prop erties of bit-v ector equations b ecome hard to exploit. The

follo wing paragraph explains that the fundamen tal di�erence b et w een p ositions and v alues is rather w atered

do wn than lost.
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There are Tw o Classes of V ariables

The transformation to equations and inequalities o v er I N do es not en tirely yield a un t yp ed logic. E.G. it is

clear from construction, that there are only sp ecial kinds of terms that are put up in to the exp onen t. In fact,

t w o categories of in teger terms that can b e distinguished: terms denoting the \con ten t" or v alue of bit-v ectors,

further referred to as h V alue T erm i and terms denoting p osition or width, denoted b y h Position T erm i .

Consequen tly , a signature can b e giv en as follo ws:

�

I N

:

= h f h V alue T erm i ; h Position T erm i g ;

f c

V

: ! h V alue T erm i ;

+

V

: h V alue T erm i � h V alue T erm i ! h V alue T erm i ;

c

P

: ! h Position T erm i ;

+

P

: h Position T erm i � h Position T erm i ! h Position T erm i ;

� 2 : h V alue T erm i � h Position T erm i ! h V alue T erm i ;

MOD 2 : h V alue T erm i � h Position T erm i ! h V alue T erm i ;

DIV 2 : h V alue T erm i � h Position T erm i ! h V alue T erm i g i

The fact that this distinction can b e main tained, suggests that the theory of natural n um b ers is to o p o w erful

to express prop erties of bit-v ectors tigh tly . F or example, though an op eration � 2 exists, there can not

b e constrain ts lik e x � 2

x

= 8.

2.4.2 One Domain: Dense Enco ding

There is no conceptual reason, wh y length and con ten t of a bit-v ector should b e distinguished. The follo wing

approac h de�nes a one-to-one corresp ondence of bit-v ectors of v ariable width to natural n um b ers. Ho w ev er,

it is necessary to apply a non-standard enco ding in order to ac hiev e this.

Coun ting Strings

Let � = f 0 ; 1 g b e an alphab et. Then it is w ell-kno wn that �

�

can b e en umerated lexicographically:

�

�

= f "; 0 ; 1 ; 00 ; 01 ; 10 ; 11 ; 000 ; : : : g

This en umeration yields an isomorphism � from �

�

to natural n um b ers:

I N 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

�

�

" 0 1 00 01 10 11 000 001 010 011 100 101 110 111 000 001 010 011

Think of n 2 I N as generated b y an in�nite ro w

n =

1

X

i =0

c

i

� 2

i

(2.1)

where the co e�cien ts c

i

2 f 0 ; 1 ; 2 g . The set f c

i

g

1

i =0

is not a unique represen tation of n , ho w ev er a extraneous

condition guaran tees uniqueness:

9 N : ( 8 i < N : c

i

6= 0) ^ ( 8 i � N : c

i

= 0) (2.2)

This N is exactly the width of the in tended bit-v ector and the co e�cien ts 1 and 2 stand for the bits \0"

and \1" resp ectiv ely . As a result of this observ ation, b oth � and �

� 1

can b e computed e�cien tly , a simple

algorithm is giv en as follo ws.
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� ( x

0

� � � x

m

) = If ( m < 0) Then 0

Else 2 � � ( x

1

� � � x

m

) + x

0

+ 1

Endif

�

� 1

( x

D

) = If ( x

D

= 0) Then "

Else If ev en ( x

D

) Then 1

[1]


 ( �

� 1

(

x

D

� 2

2

))

Else 0

[1]


 ( �

� 1

(

x

D

� 1

2

))

Endif

Endif

F or f 0 ; 1 g

�

is an in tuitiv e description for the set of bit-v ectors with �nite but unrestricted size, the related

natural n um b er is a v alid enco ding of a bit-v ector. This is called a dense enc o ding . In the follo wing x

D

denotes a dense enco ding of a bit-v ector x

[ m ]

.

c

Ob viously , there is a tigh t connection b et w een the width of

a bit-v ector and its dense enco ding.

De�nition 2.11

width ( x

D

)

:

= b log

2

( x

D

+ 1) c

d d x

D

e e

:

= 2

b log

2

( x

D

+1) c

y

Dense Enco ding and Bit-V ector T erms

A remark able prop ert y of this enco ding is that man y bit-v ector terms can b e pro cessed in a straigh t forw ard

w a y . A concatenation, for example, results in a sum of its comp onen ts, the righ tmost term m ultiplied with

an o�set that is a p oten tial of 2 (cf. equation 2.1). The coherence can b e expressed as follo ws.

Lemma 2.5:

1 : � ( x

[ n ]


 y

[ m ]

) = � ( x

[ n ]

) + d d � ( x

[ n ]

) e e � � ( y

[ m ]

)

2 : � ( x

[ n ]

[ j : i ] ) =

�

� ( x

[ n ]

) MOD (2

i +2

� 1)

�

D I V 2

j

3 : d d x

D

e e = 2

width ( x

D

)

4 : d d x

D


 y

D

e e = d d x

D

e e � d d y

D

e e

Pro of: By insp ection.

�

The fact that dense enco ding is p ossible demonstrates, that there are no inheren t t w o t yp es of in teger terms

and that the information of length and con ten t can b e com bined to one data. On the other hand, dense

enco ding do es not app ear to b e quali�ed as an enco ding of bit-v ectors for the follo wing reasons. First, it

do es not a v oid all t yp e c hec k constrain ts: extraction with natural n um b ers still leads to constrain ts lik e

i � width ( x

D

). Second, the pro cessing of b o olean op erations b ecomes extremely di�cult, for the resulting

functions are quite unin tuitiv e. Moreo v er, if there is comp osition or v ariable extraction con tained in the bit-

v ector equation, the terms on natural n um b ers are not linear. Th us the existence of an e�cien t algorithm

to pro cess them is doubtful.

c

This is just to a v oid confusion; of course, x

D

is a natural n um b er and all op erations de�ned in I N are de�ned on x

D

as

usual.
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2.4.3 Bit-V ectors and Naturals: A Hybrid System

The idea here is to represen t unkno wn information (the width of a bit-v ector v ariable) b y a natural n um b er

v ariable. This w a y , a hybrid the ory is gained con taining as w ell an in�nite n um b er of bit-v ector t yp es bv ec

1

,

bv ec

2

, : : : , the t yp e I N and dep enden t t yp es bv ec

n

, where n : I N is a v ariable.

This yields a p o w erful t yp e system expressiv e enough to represen t b oth concatenation and extraction op er-

ations o v er unkno wn size (the p ositions to b e extracted migh t as w ell b e v ariables), b o olean op erations and

ev en arithmetic. Th us, an in�nite set of op erations lik e +

[ n ]

is in tro duced, whic h allo ws an in tuitiv e and

w ell-de�ned notion of terms lik e x

[ n ]

+

[ n ]

y

[ n ]

.

Ob viously , this concept leads to some t yp e correctness constrain ts. If e.g. a term lik e x

[ n ]

[2 : i ] is encoun-

tered, the follo wing constrain ts result from the w ell-formedness:

(i) i � n � 1 ; (ii) 2 � i; (iii) 3 � n:

No w, supp ose that the equation con taining x

[ n ]

[2 : i ] is satis�able but not v alid. Then these constrain ts

should o ccur explicitly in the solv ed form, for the equation is only satis�able with resp ect to them. This

requires some pro cessing of these equations. If an additional constrain t n � 2 is giv en, the unsatis�abilit y

of the whole equation follo ws.

This observ ation motiv ates the desire for a simpler w a y to represen t v ariable length.

2.4.4 What is Best?

None of the approac hes discussed in this section is p erfect; at least one of desirable prop erties as in tuitiv e

enco ding, easy extensibilit y or comfortable solving (e.g. b y means of reduction to a previously solv ed theory)

is not giv en. Ho w ev er, since t ypical applications include b o olean op erations and parts of bit-v ector terms

with �xed width, the small and b eautiful approac h of dense enco ding is dropp ed here.

The crucial di�erence b et w een the approac hes in 2.4.1 and 2.4.3 is, that in the latter one a fundamen tal

distinction b et w een bit-v ectors and natural n um b ers is tak en in to accoun t. This requires a rather complicate

pro cessing but allo ws to exploit sp ecial prop erties of bit-v ectors (lik e the kno wn o�set of bit-v ectors with

�xed width) more e�cien tly . Also, a comp osition do es not necessarily lead to non-linear constrain ts but

can b e handled b y means of case-splits, whic h will pro v e to b e a more fruitful concept (see c hapter 5).

Th us, the h ybrid system is considered to b e the most attractiv e one.

2.4.5 A More General Solv er: F rame Solv er

Consider a h ybrid theory of bit-v ectors of p ossibly unrestricted size and v ariable extraction. In order to

de�ne solving for this sp ecial theory w e extend the notion of a solv er and solving is de�ned in a more general

w a y . This extension is motiv ated as follo ws.

Example 2.6

x

[ n ]


 0

[1]


 y

[ m ]

z

[2]


 1

[1]


 w

[2]

!

=

This equation is solv able, if either n = 1 ; m = 3 or n = 3 ; m = 1 holds, but not if n = 2 ; m = 2. This cannot

b e expressed in a conjunction of equations. Th us, strictly sp eaking, no solv er according to Theorem 2.2 can

exists.

What F rames Stand for

In order to allo w a kind of solving in a more general con text, w e ha v e to in tro duce something lik e a disjunction

of solutions. Observ e that these disjunctions can only b e caused b y equations o v er in teger v ariables. Th us,
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the in tuitiv e w a y to describ e this disjunction is to build case-splits o v er sp ecial in teger constrain ts. These

are called fr ames and the corresp onding solving algorithm s

F

is called fr ame solver .

De�nition 2.12 A fr ame is a tuple (� ; 	) where

� � is a set of bit-v ector equations of the form x

i

[ n

i

]

= : : : ,

� 	 is a set of constrain ts on natural n um b ers.

also r e quir e d is that

� none of the left hand side v ariables in � is con tained in a righ t hand side,

� 	 con tains only v ariables o v er Z whic h o ccur in � as width declarations or p ositions in extractions,

� 	 is closed according to De�nition 5.1 on page 66) - in particular is 	 satis�able.

y

De�nition 2.13 A fr ame solver s

F

is a function mapping a set of bit-v ector equations f E

1

; : : : ; E

m

g to

a set of frames f (�

1

; 	

1

) ; : : : ; (�

k

; 	

k

) g where

� All v ariables on the left hand sides of �

{

are con tained in at least one E

�

, { = 1 ; : : : ; k ; � = 1 ; : : : ; m

� The 	

{

are pairwise disjoin t, i.e. for an y t w o 	

{

; 	

{

0

; { 6= {

0

, there exists no mapping from the

natural v ariables to I N that is a mo del of 	

{

and 	

{

0

� F or all in terpretations I : I j = E

1

^ � � � ^ E

m

i� I j = (�

1

^ 	

1

) _ : : : _ (�

k

^ �

k

)

y

F or the equation in Example 2.6, a frame solv er could yield informally:

Example 2.7

s

F

�

x

[ n ]


 0

[1]


 y

[ m ]

z

[2]


 1

[1]


 w

[2]

!

=

�

=

8

>

>

>

>

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

>

>

>

>

:

0

B

B

@

8

>

>

<

>

>

:

x

[ n ]

= a

[1]

y

[ m ]

= 1

[1]


 b

[2]

z

[2]

= a

[1]


 0

[1]

w

[2]

= b

[2]

9

>

>

=

>

>

;

;

�

n = 1

m = 3

�

1

C

C

A

;

0

B

B

@

8

>

>

<

>

>

:

x

[ n ]

= a

[2]


 1

[1]

y

[ m ]

= b

[1]

z

[2]

= a

[2]

w

[2]

= 0

[1]


 b

[1]

9

>

>

=

>

>

;

;

�

n = 3

m = 1

�

1

C

C

A

9

>

>

>

>

>

>

>

>

>

>

>

>

>

=

>

>

>

>

>

>

>

>

>

>

>

>

>

;

2.5 The Expressiv eness of Solving

Solving is far more a task than just �nding a solution. The fact, that a represen tation of all p ossible solutions

has to b e computed can b e exploited in a w a y to construct a decision pro cedure for ev en quan ti�ed form ula.

This statemen t is made explicit in the follo wing.
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2.5.1 V erb ose Solv ers

First, the notion of a verb ose solving is to b e in tro duced for explanatory reasons. Let # b e an (arbitrary)

ordering of v ariables in a theory .

De�nition 2.14 A frame solv er s (cf. De�nition 2.13) is called verb ose [ with r esp e ct to # ], if it ful�lls

the conditions 1.-5. in Theorem 2.2 and the additional prop ert y:

F or eac h result E of s , if E =

V

i

x

i

= t

i

then

6. for all x

i

2 V ar : x

i

= t

i

2 E

[ 7 : the set E is ordered according to the left hand sides with resp ect to # ]

y

In the follo wing, a v erb ose solv er is denoted with a hat, lik e ^ s .

Prop ert y 6. migh t result in an surplus use of fresh v ariables. E.G. the result x

[ n ]

= y

[ n ]

represen ted as

x

[ n ]

= a

[ n ]

^ y

[ n ]

= a

[ n ]

, with a fresh v ariable a

[ n ]

.

Lemma 2.6:

F or eac h [frame] solv er s [with resp ect to # ] there exists a v erb ose solv er ^ s [with resp ect to # ].

Moreo v er, if s = O ( f ) then ^ s = O ( f + j V ar s j � log j V ar s j ).

Pro of: Let E

:

= s ( t = u ). If E 2 f true ; false g , then ^ s ( t = u ) = s ( t = u ). Otherwise,

E = f x

1

= t

1

; : : : ; x

m

= t

m

g . Let V ar s

:

= v ars ( t ) [ v ars ( u ). Then for eac h v

i

2 V ar s o ccurring in a t

j

,

in tro duce a fresh v ariable y

i

, add v

i

= y

i

to E and replace v

i

with y

i

in ev ery t

j

. Finally , sort E according

to # in time O ( n + n l og n ), where n = j V ars j .

�

2.5.2 Solv ers and Quan ti�cation

Solv ers are applied to unquan ti�ed equations o v er some logical theory in general. An immanen t question is

ho w they could deal with quan ti�ed form ulas. And the answ er is, surprisingly , that they already do. What

serv es as an example here is the T QB F -Problem:

De�nition 2.15 Let �

:

= Q

1

x

1

:Q

2

x

2

: � � � Q

n

x

n

:F ( x

1

; : : : ; x

n

) b e a fully quan ti�ed b o olean form ula o v er

v ariables V

:

= f x

1

; : : : ; x

n

g where Q

i

2 f8 ; 9g , i 2 f 1 ; : : : ; n g and F ( x

1

; : : : ; x

n

) is a n-ary b o olean function

with connectiv es ^ , _ and : . Then the language con taining all v alid expressions is denoted with

L

T QB F

:

= f � j � is a fully quan ti�ed b o olean form ula ; j = � g

y

Theorem 2.7: [P ap94, p.456, Theorem 19.1]

The language L

T QB F

is P S P AC E -complete.

In particular, a v arian t of these language is of in terest. A quan ti�ed b o olean term � o v er v ariables

V

:

= f x

1

; : : : ; x

n

g is in 3-conjunctiv e-normal-form (3 C N F ), if

�

.

= Q

1

x

1

: � � � Q

n

x

n

: ( l

11

_ l

12

_ l

13

) ^ � � � ^ ( l

m 1

_ l

m 2

_ l

m 3

) where l

ij

2 V [ V , i = 1 ; : : : ; m; j = 1 ; 2 ; 3, Q

k

2

f8 ; 9g ; k = 1 ; : : : ; n . The language L

3 C N F - T QB F

is de�ned as

L

3 C N F - T QB F

:

= f �

�

�

� is a fully quan ti�ed b o olean form ula in 3 C N F ; j = � g :

Corollar 2.8:

L

3 C N F - T QB F

is P S P AC E -complete.

Pro of: See App endix B.1.

�
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Quan ti�cation - In tuitiv ely

In order to understand the idea of the follo wing lemma, an in tuitiv e approac h to quan ti�cation migh t b e of

some help. As w ell kno wn there are t w o kinds of uan tors: 8 and 9 . Think of quan ti�cation as a iterativ e

ssignmen t of the quan ti�ed v ariables, b eginning with the leftmost quan tor.

The 8 is inclined to express that the follo wing statemen t is true no matter what you cho ose for the quan ti�ed

v ariable. In terms of a most general solution, this means that this c hoice is arbitrary .

As for the 9 , it is only required there there is at le ast one assignmen t that results in a v alid statemen t. This

fact is often expressed with a functional dep endency , though strictly sp eaking, there migh t b e m ultiple suc h

c hoices. This circumstance is re
ected b y means that, in a most general solution, one can construct a most

general term with a dep endency to terms previously in tro duced.

The statemen t w e are fo cusing on, is an equation. In the con text of uni�cation, the iterativ e pro cess

describ ed w ould b e equiv alen t with the searc h for the most general uni�er.

Lemma 2.9: [Quan ti�cation Lemma]

Let T b e an algebraic theory with equation and s b e a solv er for T . Then s can b e transformed

in to a decision pro cedure for fully quan ti�ed equational terms o v er T .

Moreo v er, if s 2 O ( f ) the decision pro cedure w orks in time O ( f + j s ( t = u ) j � log j s ( t = u ) j ).

Pro of: Giv en an quan ti�ed equation Q

1

x

1

: � � � Q

n

x

n

:t

!

= u , where Q

i

2 f8 ; 9g and V = f x

1

; : : : ; x

n

g is the

set of v ariables o ccurring in t and u . Let ^ s b e the v erb ose transformation of s with resp ect to the ordering

x

1

� � � � � x

n

. Then

^ s ( t

!

= u ) =

8

>

<

>

:

x

1

= t

1

;

.

.

.

x

n

= t

n

9

>

=

>

;

A term t

i

, i = 1 ; : : : ; n is called unr estricte d if

� t

i

do es not con tain an y constan ts

� t

i

do es not con tain an y fresh v ariables o ccurring in t

j

with j < i

� t

i

do es not con tain the same fresh v ariable in more than one place

d

Since ^ s pro vides a most general form of an y solution of t

!

= u , it do es not apply unnecessary restrictions

in the c hoice of an y v ariable. Univ ersal quan ti�cation is equiv alen t with the notion of \an ything" and

existen tial quan ti�cation with \something that can b e expressed functionally" resp ectiv ely .

Therefore let I

:

= f i j Q

i

= 8g . Then the closed form ula Q

1

x

1

: � � � Q

n

x

n

:t

!

= u is v alid, if and only if for ev ery

i 2 I , t

i

is unrestricted.

It is clear ho w to extend this pro of to frame solv ers.

�

Consider, for example, the quan ti�ed b o olean form ula �

:

= 8 x: 9 y : 9 z : ( x _ y ) = : z . A v erb ose solv er ^ s with

esp ect to x � y � z for this theory yields a solution of the form

^ s ( x _ y = : z ) =

8

<

:

x = a

y = b

z = : a ^ : b

9

=

;

Ob viously , only the c hoice of z is dep enden t on former assignmen ts whereas the c hoices of x and y are

unrestricted. Therefore, all quan ti�cations result in a v alid form ula except those where z is univ ersally

quan ti�ed. In particular, � is v alid.

d

The in ten tion here is that t

i

migh t b e patterned with fresh v ariables for later reference, but theses patterns are not to

restrict the free eligibilit y of v alues for t

i

with resp ect to its t yp e. E.G. t

i

= a

[1]


 a

[1]

restricts t

i

to the v alues 0

[2]

or 3

[2]

and

prev en ts v alues 1

[2]

and 2

[2]

.
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2.5.3 Solving B V


 ; bv ec

n

is P S P AC E -hard

De�nition 2.16 A function g : A ! B , j g ( a ) j p olynomial in j a j , is called A -har d , if the follo wing language

is A -hard:

L

g

:

= f x j x is a pre�x of h a; b i 2 A � B with g ( a ) = b g

In particular, g is P S P AC E -hard, if P S P AC E � P

L

g

, where P

A

denotes the class of languages that

can b e decided via p olynomial oracle T uring mac hines with oracle language A . F or a formal de�nition see

e.g. [P ap94].

y

As an application of the Quan ti�cation Lemma, a former result (App endix A.2) is extended to the follo wing

statemen t: Let B V


 ; bv ec

n

b e the theory of bit-v ectors with v ariable size and concatenation as the only

op eration.

Corollar 2.10:

Solving B V


 ; bv ec

n

is P S P AC E -hard.

Pro of: [via Reduction of 3CNF-TQBF]

Let �

:

= Q

1

x

1

: � � � Q

n

x

n

:F b e an arbitrary quan ti�ed b o olean form ula o v er x

1

; : : : ; x

n

. Then the matrix F

can b e enco ded in to a bit-v ector equation f ( F ) according to App endix A.2. Though f in tro duces sev eral

v ariables, there is a one-to-one corresp ondence of eac h x

j

to the width of a

j

( x

j

= false i� j a

j

j = 1 and

x

j

= true i� j a

j

j = 2). Note that j f ( F ) j (and also the n um b er of in tro duced v ariables a

j

; b

j

; c

j

; d

j

) is line ar

in j F j . Th us, the result of a solv er enables us to c hec k the v alidit y of a quan ti�ed form ula

�

0

:

= Q

1

a

1

: � � � Q

n

a

n

: 9

�

all other v ariables in f ( F )

�

: f ( F )

with a p olynomial o v erhead in j f ( F ) j according to the Quan ti�cation Lemma 2.9. Also, the output of

a solv er s is necessarily p olynomial in the n um b er of original v ariables. Since � , �

0

, it holds that

L

3 C N F - T QB F

2 P

L

s

. L

3 C N F - T QB F

is P S P AC E -complete, th us P S P AC E � P

L

s

.

�



Chapter 3

On Decidabilit y

Things ar e only imp ossible until they'r e not.

(Je an-Luc Pic ar d)

Nothing is imp ossible for the man who do esn 't have to do it himself.

(A. H. Weiler)

3.1 Where the Problems are

If w e allo w v ariable size of bit-v ector v ariables, at �rst this do es not seem to b e a big deal. One can simply

in tro duce dep enden t t yp es bv ec

n

, where n : I N . Also v ariable extraction of the form x

[ n ]

[ j : i ], where i and

j are v ariables as w ell, has an in tuitiv e seman tic. There are some t yp e c hec k constrain ts, sure, but in means

of linear algebraic terms. Moreo v er, if just the size is still unkno wn but restricted

a

, it is ob vious that the

whole theory remains decidable.

Ho w ev er, as it turns out, for unr estricte d sizes n at least the in tuitiv e approac hes do not yield a p ositiv e

result. This migh t b e demonstrated on a rather \di�cult" example.

3.1.1 Considering an Example

Example 3.1

Let x : bv ec

n

; y ; z : bv ec

m

; b; c : bv ec

1

. Consider the equation

x 
 y

=

y 
 x

( � )

V

y 
 c

=

c 
 y

( � )

V

z 
 b

=

b 
 z

( 
 )

V

z 
 1

[1]


 x

=

x 
 0

[1]


 y

( � )

Note that this conjunctiv e form serv es but b etter readabilit y , for the sizes of the upp er and lo w er subterms

are known to b e equal. The equation has no solution, but not for trivial reasons. F ollo w this train of though t:

� Sub-equation ( � ) holds, if there is a term a 2 f 0 ; 1 g

+

with x = a

+

^ y = a

+

.

� ( � ) implies that y has to consist of the v ery same bit, concatenated arbitrarily often.

� ( 
 ) implies that z has to consist of the v ery same bit, concatenated arbitrarily often.

a

By means of that for eac h v ariable x

[ n ]

there exists a �xe d and known N suc h that n < N .

27
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� As a consequence of the �rst t w o p oin ts, x consists of the (one) same bit as y .

� In order to satisfy ( � ), the p ositions of 1

[1]

and 0

[1]

ha v e to b e di�eren t.

� If the 1

[1]

is relativ ely left to 0

[1]

, then b oth bits 0 and 1 ha v e to o ccur in x , whic h is imp ossible

due to the previous argumen t.

� If the 1

[1]

is relativ ely righ t to 0

[1]

, then 0 o ccurs in z and 1 o ccurs in y . Therefore, y = 0

[ m ]

and

z = -1

[ m ]

. This lea v es x no c hoice to b e an ything.

F ollo wing this example, bit-v ectors are in terpreted as natural n um b ers as seen in 2.4.1.

The equation in Example 3.1 w ould then b e represen ted as

�

:

=

8

>

>

>

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

>

>

>

:

x � 2

m

+ y = y � 2

n

+ x

^ y � 2

1

+ c = c � 2

m

+ y

^ z � 2

1

+ b = b � 2

m

+ z

^ z � 2

n +1

+ 1 � 2

n

+ x = x � 2

m +1

+ 0 � 2

m

+ y

^ x < 2

n

^ y < 2

m

^ z < 2

m

^ b < 2

1

^ c < 2

1

It is clear from argumen tation, that � j =

I N

? ; ho w ev er, it is not ob vious, if there is a calculus C strong

enough to obtain � `

C

? . Note that the equations ab o v e con tain non-linear algebraic terms.

T o pro v e unsatis�abilit y , one can p erform a case split on b and c . If b = 0 and c = 0, then � narro ws to

�

( b =0 ;c =0)

=

8

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

:

x � 2

m

+ y = y � 2

n

+ x

^ y � 2 = y ) y = 0

^ z � 2 = z ) z = 0

^ z � 2

n +1

+ 1 � 2

n

+ x = x � 2

m +1

+ y

^ x < 2

n

^ y < 2

m

^ z < 2

m

Here, the �rst line implies x = 0 and the fourth line yields therefore 2

n

= 0, whic h cannot b e satis�ed.

The three other cases are left to the reader.

3.2 The Theory with V ariable Length and Only Concatenation

The �rst part of this section discusses decidabilit y of a restricted theory of bit-v ectors. This enables us to

judge the \di�cult y" of the problem b y means of the Chomsky hierarc h y . The second part presen ts the

actual decidabilit y result.

De�nition 3.1 Let B V


 ; bv ec

n

b e the bit-v ector theory with the signature

h I N [ f bv ec

n

�

�

n : I N

+

g ;

f 0 : ! bv ec

1

; 1 : ! bv ec

1

g [ f


n;m

: bv ec

n

� bv ec

m

! bv ec

n + m

�

�

n; m : I N

+

g i

Here, dep enden t t yp es of the form bv ec

n

, where n is a natural v ariable, are allo w ed.

y

The only predicate is equalit y . Since this section treats solving an equation t

1

= t

2

b y means of recognizing

languages, it is reasonable to in tro duce a language o v er f 0 ; 1 ; $ g .

L

( t

1

= t

2

)

:

= f x

1

$ x

2

$ � � � $ x

n

$ ter m - str ing

�

�

x

1

; : : : ; x

n

; ter m - str ing 2 f 0 ; 1 g

+

g

Eac h solution of our equation t

1

= t

2

is re
ected b y a w ord in L

( t

1

= t

2

)

(and vice v ersa) as the x

i

stand for

instances of all o ccurring bit-v ector v ariables and ter m - str ing is their instan tiation of the pattern giv en in

b oth t

1

and t

2

.
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3.2.1 T erm Represen tation via Con text Sensitiv e Grammars

The problem of solv abilit y in B V


 ; bv ec

n

can b e expressed b y means of a con text sensitiv e grammar. More

precisely , giv en one equation t

1

= t

2

in B V


 ; bv ec

n

, it is p ossible to e�ectiv ely generate t w o con text sensitiv e

grammars G

1

and G

2

, suc h that eac h w ord w 2 L ( G

1

) \ L ( G

2

) represen ts a distinct mo del that satis�es

t

1

= t

2

. Since w e kno w that con text sensitiv e languages are closed under in tersection (cf. [Sc h92a]), L

( t

1

= t

2

)

is still con text sensitiv e.

b

More precisely , giv en an equation t

1

= t

2

, let V

:

= v ars ( t

1

) [ v ars ( t

2

) = f x

1

; : : : ; x

n

g . The construction

yields that L ( G

i

) only con tains w ords o v er the alphab et f 0 ; 1 ; $ g of the shap e

x

1

$ x

2

$ � � � x

n

$ t

i

where i 2 f 1 ; 2 g . The �rst part x

1

$ � � � $ x

n

(referred to as the de�nition side ) guaran tees an iden tic

assignmen t of the v ariables in b oth pro ductions and t

i

yields a matc hing of b oth terms.

Let coun t

j

( x

i

) b e the n um b er of o ccurrences of the v ariable x

i

in t

j

( j 2 f 1 ; 2 g ; i 2 f 1 ; : : : ; n g ). A tr anslation

of a term t = obj

1


 obj

2


 � � � 
 obj

m

omits the 
 -op erators and replaces

(i) eac h v ariable x

i

with

k

X

i

where k 2 f 1 ; : : : ; count ( x

i

) g denotes the k

th

o ccurrence of x

i

(coun ted from

left to righ t),

(ii) eac h constan t b y the corresp onding string o v er f 0 ; 1 g .

An indexe d tr anslation also adds an index l

i

2 f 0 ; 1 g to ev ery v ariable x

i

(i.e.

k

X

i

b ecomes

k

X

0

i

or

k

X

1

i

)

and is denoted b y translation

( l

1

;::: ;l

n

)

.

Also, a set Omitted

j

:

= f i

�

�

x

i

2 V ^ x

i

62 v ar s ( t

j

) g is de�ned, for the non-o ccurring v ariables require a

sp ecial treatmen t.

The grammar con tains t w o kinds of non-terminal sym b ols. The one denoted b y a

k

X

l

i

explains as the k

th

o ccurrence of the bit-v ector v ariable x

i

, whic h ev en tually reduces to the letter l 2 f 0 ; 1 g at the righ tmost

p osition. The other kind, sym b olic

k

~

N

i

is used to carry information from left to righ t and is referred to as

a walker . Here, N 2 f 0 ; 1 g is the information (one bit), addressed to the recipien t

k

X

l

i

. The w alk ers v anish

when reac hing the righ tmost o ccurrence

count

j

( i )

X

l

i

.

Lemma 3.1:

Let t

1

= t

2

b e an equation in B V


 ; bv ec

n

with v ariables V

:

= f x

1

; : : : ; x

n

g of unkno wn width and

let G

j

:

= h V

j

; � ; P

j

; S

j

i b e the con text sensitiv e grammar constructed as sho wn in Figure 3.1.

c

Then for j 2 f 1 ; 2 g :

L ( G

j

) = f x

1

$ � � � $ x

n

$ t

j

�

�

x

i

2 f 0 ; 1 g

+

; i = 1 ; : : : ; n g

Pro of: F or sak e of readabilit y , in the follo wing a grammar is understo o d as a generation system for w ell

formed w ords.

(i) L ( G

j

) � f x

1

$ � � � $ x

n

$ t

j

�

�

x

i

2 f 0 ; 1 g

+

; i = 1 ; : : : ; n g

The pro duction rules in ( a ) yields the prop er shap e of eac h resulting w ord. Since the righ t hand sides of

pro duction rules in con text sensitiv e grammars m ust not b e smaller (i.e. in n um b er of sym b ols) than the

left sides, the righ tmost letter to whic h eac h v ariable transforms has to b e c hosen a priori (and is added as

b

W e can e�ectiv ely construct the grammar for L

( t

1

= t

2

)

, e.g. via transforming b oth G

1

and G

2

to their correlated linear

b ound automatons, then p erform a series connection of b oth automatons and and transform the result bac k to an con text free

grammar. Ho w ev er, this is purely platonic.

c

With resp ect to b etter readabilit y , the concatenation of grammar sym b ols is sometimes mark ed b y a \ � ".
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V

j

:

= f

k

i

X

l

i

�

�

i = 1 ; : : : ; n; k

i

= 0 ; : : : coun t

j

( x

i

) ; l = 1 ; 2 g [

f

k

j

~

0

i

�

�

i = 1 ; : : : ; n; k

i

= 0 ; : : : coun t

j

( x

i

) g [

f

k

j

~

1

i

�

�

i = 1 ; : : : ; n; k

i

= 0 ; : : : coun t

j

( x

i

) g

�

:

= f 0 ; 1 ; $ g ;

P

j

:

=

( a ) f S !

0

X

l

1

1

$ � � � $

0

X

l

n

n

$ tr ansl ation

( l

1

;::: ;l

n

)

( t

j

)

�

�

l

i

= 0 ; 1 g [

( b ) f

k

X

0

i

! 0

�

�

i = 1 ; : : : ; n; k = 0 ; : : : ; coun t ( x

i

) g [

( c ) f

k

X

1

i

! 1

�

�

i = 1 ; : : : ; n; k = 0 ; : : : ; coun t ( x

i

) g [

( d ) f

0

X

l

i

! N �

0

X

l

i

�

1

~

N

i

�

�

i = 1 ; : : : ; n; l = 0 ; 1 ; N = 0 ; 1 g [

( e ) f

k

~

N

i

�

k

X

l

i

! N �

k

X

l

i

�

( k +1)

~

N

i

�

�

i = 1 ; : : : ; n; k = 1 ; : : : ; coun t ( x

i

) ; l = 0 ; 1 ; N = 0 ; 1 g [

( f ) f

coun t ( x

i

)

~

N

i

�

coun t ( x

i

)

X

l

i

! N �

count ( x

i

)

X

l

i

�

�

i = 1 ; : : : ; n; l = 0 ; 1 ; N = 0 ; 1 g [

( g ) f

k

~

N

i

� B ! B �

k

~

N

i

�

�

i = 1 ; : : : ; n; k = 1 ; : : : coun t ( x

i

) ; N = 0 ; 1 ; B 2 � [ V

j

nf

k

X

0

i

;

k

X

1

i

gg

( h )

f

0

X

l

i

! N �

0

X

l

i

�

�

i 2 Omitted

j

; l = 0 ; 1 ; N = 0 ; 1 g [

f

0

X

l

i

! N

�

�

i 2 Omitted

j

; l = 0 ; 1 ; N = 0 ; 1 g

Figure 3.1: Con text Sensitiv e Grammar G

j

, Represen ting all Instances of T erm t

j

an upp er righ t index to eac h v ariable sym b ol). Rules ( b ) and ( c ) pro vide this �nal reduction.

The big goal is no w to allo w a simultane ous gro wth of eac h o ccurrence of a v ariable. The problem here is

to guaran tee that eac h o ccurrence results in the same string. This is solv ed via allo wing only the leftmost

o ccurrence of a v ariable to sp on taneously pro duce a new letter (see ( d )). A t the same time, a w alk er

~

N is

pro duced. It can jump o v er an y sym b ol except the next o ccurrence of the same v ariable { there it results

in a pro duction of a prop er letter and the creation of a new w alk er (cf. ( g ) and ( e )). If the last o ccurrence

of a v ariable is reac hed, the w alk er v anishes, see ( f ). If a v ariable x

i

do es not o ccur in the term t

j

, it still

has to sho w up in the de�nition side. Since the w alk er rules do not allo w a termination in this case, sp ecial

arbitrary pro duction rules in ( h ) apply .

(ii) L ( G

j

) � f x

1

$ � � � $ x

n

$ t

j

�

�

x

i

2 f 0 ; 1 g

+

; i = 1 ; : : : ; n g

As a short insp ection rev eals, the pro duction terminates if and only if

1. Eac h created w alk er mo v es strictly to the righ t and v anishes at the last o ccurrence of the sp eci�c

v ariable, th us guaran teeing that eac h o ccurrence is replaced with the same string o v er f 0 ; 1 g ,

2. The v ariables not o ccurring in t

j

use only pro duction rules in ( h ).

�

The reader ma y ha v e noticed that the construction rules ( b ) � ( h ) assumes all bit-v ector v ariables to ha v e

unkno wn (and un b ound) width. The v ariables of �xed or restricted width ha v e to b e treated as an exception.

Since the range of these is �nite, eac h p ossible assignmen t can b e added as a corresp onding pro duction rule

in ( a ), leading to an exp onen tial (but still �nite) blo w-up. This mak es further treatmen t of these v ariables

in rules ( b ) - ( h ) a surplus.

Lemma 3.2:

The Language L

( t

1

= t

2

)

:

= L ( G

1

) \ L ( G

2

) is isomorphic to the set of all p ossible solutions of the

equation t

1

= t

2

.

Pro of: If a w ord w is in b oth L ( G

1

) and L ( G

2

), according to Lemma 3.1 the assignmen t of the v ariables

on the de�nition side are the same and the constructed strings matc h. Th us, the assignmen t enco ded in the
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de�nition side is a mo del for the equation t

1

= t

2

.

Vice v ersa, if there is a assignmen t A with A j = t

1

= t

2

, the corresp onding w ord w can b e constructed in

b oth grammars.

�

Lemma 3.1 and Lemma 3.2 lead directly to

Theorem 3.3:

The set of solutions of an y equation t

1

= t

2

in � can b e represen ted via a con text sensitiv e

language.

3.2.2 An Example

This construction is applied to the equation in Example 3.1. The terms are

t

1

:

= x 
 y 
 y 
 c

[1]


 z 
 b

[1]


 z 
 1

[1]


 x

t

2

:

= y 
 x 
 c

[1]


 y 
 b

[1]


 z 
 x 
 0

[1]


 y

F or b

[1]

and c

[1]

ha v e �xed size, they are not translated to v ariables in the grammar but result in a case split

in the pro duction rules in ( a ) and remain un touc hed b y the indexed translation. There are three v ariables

x; y ; z of unkno wn size. With resp ect to b etter readabilit y these are translated to X ; Y ; Z

d

and the w alk ers

carry an index x; y or z

e

. Th us, the translation yields

translation

( l

x

;l

y

;l

z

)

( t

1

) =

1

X

l

x

�

1

Y

l

y

�

2

Y

l

y

� c

[1]

�

1

Z

l

z

� b

[1]

�

2

Z

l

z

� 1 �

2

X

l

x

translation

( l

x

;l

y

;l

z

)

( t

2

) =

1

Y

l

y

�

1

X

l

x

� c

[1]

�

2

Y

l

y

� b

[1]

�

2

Z

l

z

�

2

X

l

x

� 0 �

3

Y

l

y

A complete de�nition of the grammar G

1

= h V

1

; f 0 ; 1 ; $ g ; P

1

; S

1

i is giv en in Figure 3.2. G

2

is constructed

in the same w a y . Eac h of b oth grammars con tain 32 v ariables and 472 rules. Note that w e kno w from

construction that L ( G

1

) \ L ( G

2

) is empt y .

3.2.3 L

( t

1

= t

2

)

is not Con text F ree

Theorem 3.4:

In general, the result language L

( t

1

= t

2

)

is not con text free.

Pro of: W e can presen t a quite simple equation yielding a result language L

( t

1

= t

2

)

whic h is not con text

free. This is pro v en b y application of the pumping lemma for con text free languages. Let

t

1

:

= 0 
 x 
 y 
 z 
 x 
 1 
 x

t

2

:

= x 
 y 
 z 
 0 
 y 
 1 
 z

The width of eac h v ariable is unkno wn. The only purp ose of the left part of b oth terms is to guaran tee that

x; y ; z 2 f 0 g

+

, whereas the righ t part yields that x; y and z are of the same size. Therefore,

L

( t

1

= t

2

)

= f 0

i

$ 0

i

$ 0

i

$ 0

i

10

i

�

�

i = 1 ; 2 ; 3 ; : : : g

Assuming L

( t

1

= t

2

)

is con text free, from the pumping lemma follo ws that there exists a n suc h that

8 w 2 L

( t

1

= t

2

)

; j w j > n; w = abcde : 8 j : w

j

:

= ab

j

cd

j

e 2 L

( t

1

= t

2

)

d

Instead of X

1

, X

2

and X

3

resp ectiv ely .

e

Instead of 1, 2 or 3.
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V

1

:

= f

0

X

0

;

1

X

0

;

2

X

0

;

0

X

1

;

1

X

1

; ;

2

X

1

;

0

Y

0

;

1

Y

0

;

2

Y

0

;

0

Y

1

;

1

Y

1

;

2

Y

1

;

0

Z

0

;

1

Z

0

;

2

Z

0

;

0

Z

1

;

1

Z

1

;

2

Z

1

;

1

~

0

x

;

2

~

0

x

;

1

~

1

x

;

2

~

1

x

1

~

0

y

;

2

~

0

y

;

1

~

1

y

;

2

~

1

y

1

~

0

z

;

2

~

0

z

;

1

~

1

z

;

2

~

1

z

g

P

1

:

= f S

1

!

0

X

0

$

0

Y

0

$

0

Z

0

$ 0 $ 0 $

1

X

0

�

1

Y

0

�

2

Y

0

� 0 �

1

Z

0

� 0 �

2

Z

0

� 1 �

2

X

0

S

1

!

0

X

1

$

0

Y

0

$

0

Z

0

$ 0 $ 0 $

1

X

1

�

1

Y

0

�

2

Y

0

� 0 �

1

Z

0

� 0 �

2

Z

0

� 1 �

2

X

1

.

.

.

S

1

!

0

X

1

$

0

Y

1

$

0

Z

1

$ 1 $ 1 $

1

X

1

�

1

Y

1

�

2

Y

1

� 1 �

1

Z

1

� 1 �

2

Z

1

� 1 �

2

X

1

0

X

0

! 0 ;

1

X

0

! 0 ;

2

X

0

! 0 ;

1

X

1

! 1 ;

1

X

1

! 1 ;

2

X

1

! 1 ;

0

Y

0

! 0 ;

1

Y

0

! 0 ;

2

Y

0

! 0 ;

1

Y

1

! 1 ;

1

Y

1

! 1 ;

2

Y

1

! 1 ;

0

Z

0

! 0 ;

1

Z

0

! 0 ;

2

Z

0

! 0 ;

1

Z

1

! 1 ;

1

Z

1

! 1 ;

2

Z

1

! 1 ;

0

X

0

! 0 �

0

X

0

�

1

~

0

x

;

0

X

0

! 1 �

0

X

0

�

1

~

1

x

;

0

X

1

! 0 �

0

X

1

�

1

~

0

x

;

0

X

1

! 1 �

0

X

1

�

1

~

1

x

;

0

Y

0

! 0 �

0

Y

0

�

1

~

0

y

;

0

Y

0

! 1 �

0

Y

0

�

1

~

1

y

;

0

Y

1

! 0 �

0

Y

1

�

1

~

0

y

;

0

Y

1

! 1 �

0

Y

1

�

1

~

1

y

;

0

Z

0

! 0 �

0

Z

0

�

1

~

0

z

;

0

Z

0

! 1 �

0

Z

0

�

1

~

1

z

;

0

Z

1

! 0 �

0

Z

1

�

1

~

0

z

;

0

Z

1

! 1 �

0

Z

1

�

1

~

1

z

;

1

~

0

x

�

1

X

0

! 0 �

1

X

0

�

2

~

0

x

;

1

~

1

x

�

1

X

0

! 1 �

1

X

0

�

2

~

1

x

;

1

~

0

x

�

1

X

1

! 0 �

1

X

1

�

2

~

0

x

;

1

~

1

x

�

1

X

1

! 1 �

1

X

1

�

2

~

1

x

;

1

~

0

y

�

1

Y

0

! 0 �

1

Y

0

�

2

~

0

y

;

1

~

1

y

�

1

Y

0

! 1 �

1

Y

0

�

2

~

1

y

;

1

~

0

y

�

1

Y

1

! 0 �

1

Y

1

�

2

~

0

y

;

1

~

1

y

�

1

Y

1

! 1 �

1

Y

1

�

2

~

1

y

;

1

~

0

z

�

1

Z

0

! 0 �

1

Z

0

�

2

~

0

z

;

1

~

1

z

�

1

Z

0

! 1 �

1

Z

0

�

2

~

1

z

;

1

~

0

z

�

1

Z

1

! 0 �

1

Z

1

�

2

~

0

z

;

1

~

1

z

�

1

Z

1

! 1 �

1

Z

1

�

2

~

1

z

;

2

~

0

x

�

2

X

0

! 0 �

2

X

0

;

2

~

1

x

�

2

X

0

! 1 �

2

X

0

;

2

~

0

x

�

2

X

1

! 0 �

2

X

1

;

2

~

1

x

�

2

X

1

! 1 �

2

X

1

;

2

~

0

y

�

2

Y

0

! 0 �

2

Y

0

;

2

~

1

y

�

2

Y

0

! 1 �

2

Y

0

;

2

~

0

y

�

2

Y

1

! 0 �

2

Y

1

;

2

~

1

y

�

2

Y

1

! 1 �

2

Y

1

;

2

~

0

z

�

2

Z

0

! 0 �

2

Z

0

;

2

~

1

z

�

2

Z

0

! 1 �

2

Z

0

;

2

~

0

z

�

2

Z

1

! 0 �

2

Z

1

;

2

~

1

z

�

2

Z

1

! 1 �

2

Z

1

g [

f

1

~

0

x

� B ! B �

1

~

0

x

�

�

B 6=

1

X

0

^ B 6=

1

X

1

g [ f

1

~

1

x

� B ! B �

1

~

1

x

�

�

B 6=

1

X

0

^ B 6=

1

X

1

g [

f

2

~

0

x

� B ! B �

2

~

0

x

�

�

B 6=

2

X

0

^ B 6=

2

X

2

g [ f

2

~

1

x

� B ! B �

2

~

1

x

�

�

B 6=

2

X

0

^ B 6=

2

X

2

g [

f

1

~

0

y

� B ! B �

1

~

0

y

�

�

B 6=

1

Y

0

^ B 6=

1

Y

1

g [ f

1

~

1

y

� B ! B �

1

~

1

y

�

�

B 6=

1

Y

0

^ B 6=

1

Y

1

g [

f

2

~

0

y

� B ! B �

2

~

0

y

�

�

B 6=

2

Y

0

^ B 6=

2

Y

2

g [ f

2

~

1

y

� B ! B �

2

~

1

y

�

�

B 6=

2

Y

0

^ B 6=

2

Y

2

g [

f

1

~

0

z

� B ! B �

1

~

0

z

�

�

B 6=

1

Z

0

^ B 6=

1

Z

1

g [ f

1

~

1

z

� B ! B �

1

~

1

z

�

�

B 6=

1

Z

0

^ B 6=

1

Z

1

g [

f

2

~

0

z

� B ! B �

2

~

0

z

�

�

B 6=

2

Z

0

^ B 6=

2

Z

2

g [ f

2

~

1

z

� B ! B �

2

~

1

z

�

�

B 6=

2

Z

0

^ B 6=

2

Z

2

g

Figure 3.2: V ariables and Rules of G

1

F or an y n there exists a w ord w in L

( t

1

= t

2

)

with j w j > n ; ho w ev er, alone w

2

is not in L

( t

1

= t

2

)

, since this

w ould imply

Case 1: Either b or d con tain a $ sym b ol - then w

2

con tains more than three $s and is therefore not

in L

( t

1

= t

2

)

.

Case 2: Neither b nor d con tain a $. If one of them is on the de�nition side, the condition j x j = j y j = j z j

cannot b e main tained and else the translation term is not sound with the instances of the

v ariables; in an y case, w

2

62 L

( t

1

= t

2

)

.

Therefore, the pumping lemma cannot hold in general and as a consequence L

( t

1

= t

2

)

cannot b e con text free.

�
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Note: This negativ e result is pro v en b y exploiting the sp ecial structure of w ords in the result language

L

( t

1

= t

2

)

. Ho w ev er, it is clear ho w to enhance it on general represen tations of an y solution language.

3.2.4 An In terpretation of this Result

By means of the construction presen ted, the satis�abilit y problem can b e reduced to the emptiness problem

of languages of t yp e 1 according to the w ell-kno wn Chomsky hierarc h y . Unfortunately , the emptiness prob-

lem is undecidable in general for languages of t yp e 1 (cf. [Sc h92a, p. 83]). Th us no general algorithm can b e

presen ted that could b e used as a solv er.

On the other hand, the reduction is not an isomorphism, th us this result do es not imply the general imp os-

sibilit y of solving B V


 ; bv ec

n

. The author has to admit this is quite unful�lling { ho w ev er, it migh t giv e a

hin t to the \di�cult y" of solving ev en these restricted bit-v ector equations.

3.2.5 L

( t

1

= t

2

)

is Decidable

As a matter of fact, the problem de�ned in section 3.2 o ccurres in a n um b er of mathematical �elds in a

di�eren t shap e|su�cien tly disguised to prev en t a unique notion of it. Mathematicians of w estern coun tries

refer to it as L• ob's problem b y means of solving w ord equations o v er a free monoid (in v estigated b y Len tin

and Sc h • utzen b erger in 1969). In eastern coun tries it w as referred to as Mark o v's problem and in the �eld of

automated deduction as the string uni�cation problem. This div ersion ma y displa y b oth fundamen telness

and non-triviallit y of this sp eci�c problem. F or a more elab orate o v erview confer to [GHR93], uni�cation

theory , c hapter 5.

The p ositiv e result that L

( t

1

= t

2

)

is decidable, deriv es from the decidabilit y result for arbitrary single

equations in a free monoid G.S. Mak anin presen ted in 1977. F or a description see [Mak92]. More in teresting

in our con text is the result of Ja�ar [Jaf90], where an algorithm for construction of all mo dels is giv en.

The actual complexit y class of L

( t

1

= t

2

)

is unkno wn, but kno wn to b e N P -hard [Benana v et al. 1985].

Indep enden tly , this fact w as sho wn in 1996 b y the author, confer to App endix A.2. The actual complexit y of

Mak anin's algorithm is a lot w orse: It is nondeteministic double exp onen tial in the exp onen t of p erio dicit y

of a minimal solution of the equation [Ja�ar, 1990].

3.3 An Unsolv able Problem

The theory of bit-v ectors with v ariable width together with concatenation, b o olean op erations and v ari-

able extraction is not solv able b y means that a complete frame solv er cannot exist. This is sho wn b y a

transformation of the halting problem on empt y tap e to a quan ti�ed bit-v ector term. The existence of a

solv er w ould|together with the Quan ti�cation Lemma 2.9|yield a decision pro cedure for this undecidable

problem.

3.3.1 T uring Mac hines (cf. [Sc h92a])

A deterministic T uring machine

f

M is a 6-tuple

M = ( S; � ; � ; s

0

; ; s

T

)

where

� S is a �nite set of states

� � is the alphab et

� � : S � � ! S � � � f L; R ; N g is the transition function

f

The applied restrictions are without loss of generalit y .
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� s

0

2 S is the initial state

� 2 � is the blank sym b ol

� s

T

is the (only) accepting terminal state

A c on�gur ation is a tuple ( s; p; q ) where s 2 S and p 2 �

�

; q 2 �

+

. In tuitiv ely , at this p oin t of time the

T uring mac hine is in the in ternal state s and the read/write-head is righ t of p and on the �rst sym b ol of q .

The tap e is considered in�nite to b oth sides, i.e. left from p and righ t from q there are but blanks.

The binary relation ` (\computes to") is de�ned as follo ws:

( s; a

1

� � � a

l

; b

1

� � � b

m

) `

8

<

:

( s

0

; a

1

� � � a

l

; db

2

� � � b

m

) if � ( s; b

1

) = ( s

0

; d; N )

( s

0

; a

1

� � � a

l � 1

; a

l

db

2

� � � b

m

) if � ( s; b

1

) = ( s

0

; d; L )

( s

0

; a

1

� � � a

l

d; b

2

� � � b

m

) if � ( s; b

1

) = ( s

0

; d; R )

T ogether with t w o sp ecial cases

( s; "; b

1

� � � b

m

) ` ( s

0

; "; db

1

� � � b

m

) if � ( s; b

1

) = ( s

0

; d; L )

( s; a

1

� � � a

l

; b

1

) ` ( s

0

; a

1

� � � a

l

d; ) if � ( s; b

1

) = ( s

0

; d; R )

In tuitiv ely , if the a v ailable tap e is exceeded, some blanks are supplied.

An ac c epting c omputation on x is a �nite string k

0

$ k

1

$ � � � $ k

n

where eac h k

i

is a con�guration, k

0

= ( s

0

; "; x ),

k

n

= ( s

T

; "; ) and 8 i 2 f 0 ; : : : ; n � 1 g : k

i

` k

i +1

.

Theorem 3.5:

Giv en a T uring mac hine M . It is undecidable whether there exists an accepting computation on

the string .

Confer for example to [Sc h92a, p. 121].

3.3.2 Enco dings of Computations

An accepting computation can b e enco ded via bit-v ector terms with unrestricted size, v ariable extraction

and b o olean op erations. In particular, giv en a T uring mac hine M , one can compute a bit-v ector equation

�( M ) with:

M stops on empt y tap e i� �( M ) is satis�able

Enco ding the Alphab et �

Let � b e an arbitrary alphab et with 2 �. Without loss of generalit y there exist three sp ecial c haracters

\ h ", \ i ", \#" 62 �. Let �

0

:

= � [ fi ; # g ; �

00

:

= � [ fh ; i ; # g . Since w e also w an t to enco de states with

0 = 1-strings and a enco ding of static size is desired, w e de�ne

r

:

= max

�

d log

2

( j �

0

j ) e + 1 ; d log

2

( j S j ) e + 1

�

Then eac h letter of �

0

can b e enco ded via a String in f 0 ; 1 g

r � 1

. De�ne a mapping ' : �

00

[ S ! f 0 ; 1 g

r

where

' : �

0

! 0 � f 0 ; 1 g

r � 1

with ' : # 7! 0

r

and ' : h 7! 1

r

and ' : S ! 0 � f 0 ; 1 g

r � 1

' is c hosen injectiv e with resp ect as w ell to �

00

as to S , though not to �

00

[ S . The extension of ' to (� [ S )

�

is denoted with ^' .

It is crucial for the follo wing argumen tation that the enco ding of \ h " is the only one b eginning with a \1".
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Enco ding State T ransitions

There has to b e a metho d to enco de the \correctness" of a computation step b y means of \matc hing"

con�gurations k

i

and k

i

+ 1. There follo wing di�culties are encoun tered:

� it has to b e p ossible for c haracters to \sw ap" to the other side of the read/write-head

� sometimes it is necessary to \pump" some blanks in or - if w e encoun tered the end of the tap e - delete

some blanks.

Informally , the relev an t p oin t of an y computation step can b e co ded to bit-v ectors lik e

s

[ r ]

; [ � � � a

[ r ]

] ; [ b

[ r ]

c

[ r ]

� � � ] ` s

0

[ r ]

; [ � � � a

0

[0 j r j 2 r ]

] ; [ d

[ r ]

c

0

[0 j r j 2 r ]

� � � ]

where d

[ r ]

is the new c haracter under the read/write-head and a

0

[0 j r j 2 r ]

, c

0

[0 j r j 2 r ]

are the end of the preceding

tap e (resp ectiv ely the b eginning of the succeeding tap e). The notation [0 j r j 2 r ] is mean t to indicate that

either of these three sizes is p ossible. Note that the actual \correct" v alue is dep enden t on � .

Instead of a

0

[0 j r j 2 r ]

consider the string a

00

:

= a

0

[0 j r j 2 r ]


 1 
 0

2 r

. Though the size of a

00

remains unkno wn, all

relev an t information is con tained in the leftmost 2 r bits. Moreo v er, since the \padding" on the righ t side is

terminated with a \1", it is p ossible to reconstruct con ten t and size of a

0

[0 j r j 2 r ]

from the lo w er 2 r + 1 bits.

This tric k is used to p erform the follo wing de�nition:

v al id

�

�

s

[ r ]

; a

[ r ]

; b

[ r ]

; c

[ r ]

; s

0

[ r ]

; ( a

0

[0 j r j 2 r ]


 1 
 0

2 r

)[0 : 2 r ] ; d

[ r ]

; ( c

0

[0 j r j 2 r ]


 1 
 0

2 r

)[0 : 2 r ]

�

:

=

�

1

[1]

if ( s; � � � a; bc � � � ) ` ( s

0

; � � � a

0

; dc

0

� � � )

0

[1]

else

Strictly sp eaking, the input to v al id

�

is a com bination of r + r + r + r + r + 2 r + 1 + r + 2 r + 1 = 10 r + 2

bit-v ectors of width 1. It is clear that, giv en � , a corresp onding b o olean function resulting in a bit-v ector of

width 1 can b e constructed.

Enco ding Computations

The whole enco ding idea w orks as follo ws:

� Guess a string enco ding an accepting computation,

� V erify that eac h step of the computation is correct.

Here w e ha v e got the problem of separators|informally , they cannot b e enco ded reliable. More precisely ,

one cannot enco de an arbitrary string not con taining the enco ding of a sp ecial c haracter. This problem is

a v oided b y in tro ducing a \step coun ter". This is a string o v er f # g

+

, increasing with ev ery step b y one \#".

The k

th

computation step ( s; � � � a; bc � � � ) ` ( s

0

; � � � a

0

; dc

0

� � � ) is represen ted as

h s

[ r ]

#

k

i p

[? � r ]

a

[ r ]

#

k

b

[ r ]

c

[ r ]

q

[? � r ]

h s

0

[ r ]

#

k +1

i p

[?]

a

0

[0 j r j 2 r ]

#

k +1

d

[ r ]

c

0

[0 j r j 2 r ]

q

[? � r ]

The term #

k

is not a v alid bit-v ector term itself, but can b e replaced b y one. Since ' maps # to 0

r

, this can

b e matc hed b y a bit-v ector term k

[? � r ]

consisting en tirely out of 0 s. This prop ert y , though, can b e enforced

b y adding the simple equation k

[? � r ]


 0

[1]

!

= 0

[1]


 k

[? � r ]

. Th us, the term ab o v e is really represen ted as

h s

[ r ]

k

[? � r ]

i p

[? � r ]

a

[ r ]

k

[? � r ]

b

[ r ]

c

[ r ]

q

[? � r ]

h s

0

[ r ]

k

[? � r ]

0

r

i p

[?]

a

0

[0 j r j 2 r ]

k

[? � r ]

0

r

d

[ r ]

c

0

[0 j r j 2 r ]

q

[? � r ]

Dealing with Large Alphab ets

The aspired form ula is b e roughly something lik e

9 w

[ n � r ]

8 i > const 9 j : w

[ n � r ]

[ j : i ] = h k

th

state ::: h (k+1)

th

state :::
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Ho w ev er, this can not b e ac hiev ed straigh t-forw ars.

The i

th

c haracter of w

[ n � r ]

is required to b e a \ h "|this cannot b e true for all i . The �rst idea is to in tro duce

some padding in fron t of \ h k

th

state ::: " to allo w the matc hing to slip to the next \ h ". But this is not a

solution. Since the computation is arbitrary long, the enco ded tap e cannot b e restricted. Therefore, the

length of the padding cannot b e restricted in general as w ell. This means, that the matc hing could slip to

any next \ h ", th us destro ying the correctness condition, for \nonsense steps" could exist that this form ula

w ould not encoun ter as failures.

The second though t is to a v oid certain bit-patterns in the padding, th us in tro ducing something lik e separa-

tors. As stated ab o v e, this do es not seem to b e p ossible in general for alphab ets larger than j � j = 2.

Ho w ev er, the follo wing idea w orks: If the �rst c haracter is not a \ h ", the whole matrix ev aluates to a trivial

equation at once. Let t

[ m ]

!

= u

[ m ]

b e the original matrix equation. Then this idea is realized b y the follo wing

detour:

� Instead of t

[ m ]

!

= u

[ m ]

, equiv alen tly state : ( t

[ m ]

� u

[ m ]

)

!

= 0

[ m ]

.

� Due to the sp ecial enco ding of \ h ", the extraction [ j : i ] matc hes an \ h ", i� w

[ n � r ]

[ i : i ] = 1

[1]

.

� Let v

[ m ]

b e another bit-v ector v ariable

� v

[ m ]

can b e \forced" to consist purely of the same bit lik e w

[ n � r ]

[ i : i ] via

v

[ m ]


 w

[ n � r ]

[ i : i ]

!

= w

[ n � r ]

[ i : i ] 
 v

[ m ]

� Th us, :

�

( t

[ m ]

� u

[ m ]

) _ v

[ m ]

�

!

= 0

[ m ]

is satis�ed either if

� t

[ m ]

and u

[ m ]

can b e made equiv alen t,

or � the term w

[ n � r ]

[ j : i ] do es not start with \ h ".

W e are no w ready to tak e a lo ok at the complete form ula.

The Reduction F orm ula

Let M b e a T uring mac hine and v al id

�

the corresp onding b o olean function. Then a bit-v ector equation

w

[ n � r ]

enco ding an accepting computation is enco ded in the follo wing quan ti�ed form ula �

Q

( M ):

9 n 2 I N ; n > 1 : 9 l

w

2 I N : 9 w : bv ec

l

w

� r

: 9 l

w

0

2 I N : 9 w

0

: bv ec

l

w

0

� r

:

8 i 2 I N : 9 j > i: 9 v : bv ec

( j - i + 1) � r

: 9 l

k

2 I N : 9 k : bv ec

l

k

� r

:

9 l

p

2 I N : 9 p : bv ec

l

p

� r

: 9 l

q

2 I N : 9 q : bv ec

l

q

�

: 9 a : bv ec

r

: 9 b : bv ec

r

: 9 c : bv ec

r

:

9 l

a

2 I N

0

; l

a

< 2 : 9 a

0

: bv ec

l

a

� r

: 9 d : bv ec

r

: 9 l

c

2 I N ; l

c

< 2 : 9 c

0

: bv ec

l

c

� r

:

v 
 w [ i � r : i � r ]

!

= w [ i � r : i � r ] 
 v

^ v al id

�

�

s; a; b; c; s

0

; ( a

0

1

[1]

0

[2 r ]

)[0 : 2 r ] ; d; ( c

0

1

[1]

0

[2 r ]

)[0 : 2 r ]

�

!

= 1

[1]

^ :

�

�

' ( h ) sk ' ( i ) pak bcq ' ( h ) s

0

k 0

[ r ]

' ( i ) pa

0

k 0

[ r ]

dc

0

q � w [ i � r : j � r ]

�

_ v

�

!

= 0

[( j � i +1) � r ]

^ ^'

�

h s

0

# i #

�


 w

0


 ^'

�

h s

T

#

n

i #

n

�

!

= w

The same form ula without quan ti�cation is referred to as �( M ).

With resp ect to b etter readabilit y the matrix is written as a conjunction. Ho w ev er, it can easily b e v eri�ed

that this conjunction can b e written equiv alen tly as one equation, where

O

(left hand sides )

!

=

O

(righ t hand sides ) :

Lemma 3.6: [T uring Sim ulation]

An accepting computation of M exists i� �

Q

( M ) is v alid.
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Pro of: ) : Assume K

:

= k

0

$ k

1

$ � � � $ k

n

is an accepting computation. Then K can b e transformed in to a

bit-v ector w

[ l

w

� r ]

:

= � ( k

0

) 
 � ( k

1

) 
 � � � 
 � ( k

n

), where

� ( s

i

; p

i

; q

i

) = ^'

�

h s

i

#

i

i p

i

#

i

q

i

�

Then, for eac h step an extraction w

[ l

w

� r ]

[ i : j ] exists. Th us, �

Q

( M ) pro v es to b e v alid with resp ect to the

quan ti�cation and according to the Quan ti�cation Lemma 2.9.

( : If �

Q

( M ) pro v es to b e v alid, a bit-v ector w exists that can b e transformed via '

� 1

in to an accepting

computation.

�

3.3.3 The Non-Existence Theorem

The preceding observ ations lead to the main theorem of this section:

Theorem 3.7: [Non-Existence Theorem]

There is no complete frame solving algorithm for the theory of bit-v ectors with v ariable width,

v ariable extractions and b o olean op erations.

Pro of: Assume suc h an algorithm s exists. Then, giv en an arbitrary T uring mac hine M , s (�( M )) yields

either false , true or a set of frames represen ting a most general solution. In the �rst case, no accepting

computation exists. In the later t w o cases the application of the quan ti�cation lemma (2.9) allo ws to c hec k

the v alidit y of the quan ti�ed form ula �

Q

( M ). According to Lemma 3.6, a computation exists if and only

if �

Q

( M ) is v alid. Th us the halting problem of M on the empt y tap e can b e decided. This yields the

con tradiction.

�

3.4 Semaphore

W e ha v e seen that the solution of bit-v ector equations is a task less trivial than it is desired. There seems

to b e a natural di�erence b et w een solving in theories with �xed or unkno wn size. In particular, no complete

classic solv er can exist for the later one (cf. Example 2.6).

This motiv ates the further pro ceeding: The next c hapter is dedicated to the discussion of solving �xed size.

Some approac hes are presen ted and compared with resp ect to their e�ciency . One of these is tak en o v er to

the last c hapter, discussing unkno wn size, and adopted to the requiremen ts there.



Chapter 4

Solving Fixed-Sized Bit-V ector

Equations

By thr e e metho ds we may le arn wisdom:

First, by r e
e ction, which is noblest;

Se c ond, by imitation, which is e asiest;

and thir d by exp erienc e, which is the bitter est.

(Confucius, 551-479 b.C.)

In this c hapter, three distinct approac hes for solving �xed-sized bit-v ector equations are explored and com-

pared regarding expressiv eness, e�ciency and p ossible extension to more general theories.

4.1 Solving Bit-V ector Equations via Monadic Logic

W eak monadic second order logic of one successor is used to express bit-v ector equations. This language

is a decidable fragmen t of second order logic (cf. [B • uc62]). By means of the Mona T o ol [BK95, HJJ

+

96]

the form ulae are transformed to �nite automata that can b e utilized to construct a solv er for the theory of

�xed-sized bit-v ectors with concatenation, extraction, b o olean op erations and arithmetic. V arious run-time

exp erimen ts are p erformed.

4.1.1 In the Domain of WS1S

W S 1 S stands for w eak second order logic with one successor.

De�nition 4.1 [The Language WS1S]

The language W S 1 S consists of three syn tactic categories, eac h of whic h con tains v ariables, constan ts and

existen tial and univ ersal quan ti�cation:

� b o ole ans [0

th

order] including the usual b o olean connectiv es,

� p ositions [1

st

order] in terpreted as natural n um b ers from 0 up to the upp er b ound $,

� sets [2

nd

order] of p ositions, namely subsets of f 0 ; : : : ; $ g .

F orm ulae in W S 1 S are de�ned in the usual w a y . Of sp ecial in terest is the op eration p + n whic h is de�ned

as a function on p ositions or sets, giv en the second argumen t n is a �xed in teger n um b er. The seman tics of

'+' is an incremen t resp ectiv ely a family of incremen ts of n steps to the righ t, applied on the �rst argumen t.

y

38



CHAPTER 4. SOL VING FIXED-SIZED BIT-VECTOR EQUA TIONS 39

pred at_least_two(var0 a, b, c) = (a & b) | (a & c) | (b & c);

pred mod_two(var0 a, b, c, d) = (a <=> b <=> c <=> d);

pred add2(var2 A, B, Result) =

ex2 C: ((all1 p : (mod_two (p in A, p in B, p in C, p in Result)) &

( (p+1 > 0) =>

((p+1 in C ) <=>

at_least_two(p in A, p in B, p in C)))) &

(0 notin C));

Figure 4.1: A Simple Ripple-Carry Adder in W S 1 S

Note that the language W S 1 S is expressiv e enough to enco de Presburger arithmetic (cf. [Pre29], [Bar93,

Rabin: Decidable Theories]). If eac h set is understo o d as a collection of bits (starting at p osition 0 as the

least signi�can t bit), this results in an in tuitiv e enco ding of I N . Addition with t w o summands is enco ded b y

means of a ternary predicate, sim ulating a ripple-carry adder (cf. Figure 4.1), extension to more summands

is straigh t-forw ard.

4.1.2 Enco ding Fixed-Sized Bit-V ector Equations in W S 1 S

Giv en a bit-v ector equation t = u , an equiv alen t W S 1 S -form ula is generated, whic h is then translated to a

correlated automaton. Finally , this automaton is used to generate a most general solution for t = u .

De�nition 4.2 Let pad :

$

S

i =1

bv ec

i

! f W S 1 S { sets g b e de�ned as

pad ( c

[ n ]

)

:

=

�

i

�

�

0 � i < n ^ c

[ n ]

[ i : i ] = 1

[1]

	

A bit-v ector equation t = u and a W S 1 S -form ula ' are called e quivalent , if

� The only free v ariables in ' are second order.

� There exists an isomorphism  b et w een V

t = u

:

= v ars ( t ) [ v ars ( u ) and V

'

:

= v ars ( ' ).

� for all w

1

: bv ec

m

1

; : : : ; w

n

: bv ec

m

n

:

x

1

= w

1

^ : : : ^ x

n

= w

n

j = t = u i�  ( x

1

) = pad ( w

1

) ^ : : : ^  ( x

n

) = pad ( w

n

) j = ' .

y

Lemma 4.1:

F or eac h bit-v ector equation t = u , there exists an equiv alen t W S 1 S -form ula ' .

Pro of: [b y Construction]

Let t = u b e a bit-v ector equation with v ariables V

t = u

= f x

1

[ m

1

]

; : : : ; x

n

[ m

n

]

g . Roughly , the construction

de�nes a conjunction � of W S 1 S form ulas called axioms, a conjunction 	 of W S 1 S conditions and a second

order equation T = U that is a translation of t = u to W S 1 S . A sk etc h of the construction of ' is giv en as

follo ws:

� F or eac h o ccurring length of subterms in tro duce a second order v ariable F il ter

i

and add to �:

all1 p: ((p < i ) => p in F il ter

i

) & (( i <= p) => p notin F il ter

i

)

� F or eac h x

i

[ m

i

]

in tro duce a second order V ariable V AR x

i

and add the follo wing condition to 	:

all1 p: ( m

i

< p) => p notin V AR x

i
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� F or eac h constan t c

[ n ]

in tro duce a second order V ariable C O N S T n v al ue , where all information ab out

c

[ n ]

is added to �. F or c

[ n ]

= 1

[2]

this w ould b e:

(all1 p: ((2 <= p) => (p notin C O N S T 2 1 )))

& (0 in C O N S T 2 1 ) & (1 notin C O N S T 2 1 )

� Replace concatenations t

1

[ l

1

]


 t

2

[ l

2

]

b y a p osition shift of the righ t argumen t, follo w ed b y a union, lik e

(t1) union (t2 + l

1

)

� Replace extractions b y in tersections with the prop er F il ter

i

, ev en tually preceded b y a p osition shift.

E.G. x

[8]

[5 : 2] transforms to

( V AR

x

- 2) inter F il ter

4

� Addition is sim ulated b y means of a relation, i.e. an addition t

1

[ l ]

+

[ l ]

t

2

[ l ]

is represen ted as a constrain t

add2 ( t

1

[ l ]

, t

2

[ l ]

, R esul t ) in 	 and the sum in the W S 1 S -term is replaced b y ( R esul t inter F il ter

l

).

F or additions with more than t w o argumen ts, the corresp onding predicates add3, add4, ... are

in tro duced.

� Bo olean op erations are �rst mapp ed in to equiv alen t b o olean form ulae with the op erator set : ; ^ ; _ .

These can b e represen ted straigh tforw ard b y the W S 1 S op erations complemen t, in tersection and union

resp ectiv ely .

The actual W S 1 S form ula to pro cess is de�ned as

'

:

= ex2 F il ter

i

ex2 C O N S T i j : (� ^ (	 ) ( T = U )))

� con tains prop erties of �lters and constan ts, th us guaran teeing the only correct in terpretation is c ho osen b y

the existen tial quan ti�cation. 	 basically states that no v ariable do es con tain true -bits b ey ond it's width.

The equiv alence to t = u follo ws b y insp ection.

�

T o giv e an example, the simple unsatis�able form ula 1

[1]


 x

[5]

= x

[5]


 0

[1]

is transformed via the construction

in Lemma 4.1 to the equiv alen t W S 1 S form ula in Figure 4.2.

4.1.3 F rom Bit-V ector Equations to Finite Automata

It is w ell understo o d, that W S 1 S is strongly related to regular expressions (cf. [vL90b, p.137]). This relation

can b e expressed b y means of �nite automata:

De�nition 4.3 Let ' b e a W S 1 S -form ula with free second order v ariables V

:

= f v

1

; : : : ; v

n

g and upp er

b ound $ of the p osition. Then a �nite n -tap e automaton is called the c orr elate d automaton A

'

, if

8 w

1

; : : : ; w

n

� f 0 ; 1 ; : : : ; $ g : A

'

( w

1

; : : : ; w

n

) accepts i� f v

1

= w

1

^ : : : ^ v

n

= w

n

g j = '

y

Roughly , for eac h ' 2 W S 1 S , the Mona T o ol computes the correlated automaton A

'

. If the form ula ' w as

unsatis�able or v alid, A

'

accepts ; or �

�

resp ectiv ely .

Lemma 4.2: [ Mona Construction]

F or eac h W S 1 S -form ula ' , the correlated automaton can b e e�ectiv ely constructed.

Pro of: Confer to [HJJ

+

96].

�

Theorem 4.3:

F or eac h bit-v ector equation t = u there exists a �nite automaton A

t = u

suc h that

1. A

t = u

accepts �

�

if t = u is a tautology ,

2. A

t = u

accepts ; if t = u is unsatis�able,

3. A

t = u

accepts

�

( w

1

; : : : ; w

n

)

�

�

t [ x

i

[ m

i

]

= w

i

] = u [ x

i

[ m

i

]

= w

i

]

	

else.

Pro of: By Lemma 4.1 and Lemma 4.2.

�
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var2 VAR_X_5;

ex2 CONST_1_1,CONST_ 1_0 ,F ilt er _5 : (

((all1 p: (((p < 5) => (p in Filter_5)) &

((5 <= p) => (p notin Filter_5)))) &

(all1 p: ((1 <= p) => (p notin CONST_1_0))) &

(0 notin CONST_1_0) &

(all1 p: ((1 <= p) => (p notin CONST_1_1))) &

(0 in CONST_1_1) ) &

(( ((all1 p: ((5 <= p) => (p notin VAR_X_5))) ))

=> ( (CONST_1_1 union ((VAR_X_5 inter Filter_5) + 1))

= ((VAR_X_5 inter Filter_5) union (CONST_1_0 + 5)) )) )

Figure 4.2: W S 1 S Represen tation of the Unsatis�able Equation 1

[1]


 x

[5]

= x

[5]


 0

[1]

4.1.4 Constructing Solutions from Automata

Though an automaton represen ts an expressiv e enco ding of a most general solution, it is desirable to compute

a solv ed form according to section 2.2.3. This can b e p erformed generativ ely b y means of in tro ducing OBDDs

(see De�nition 2.5). In the follo wing a straigh t-forw ard algorithm is presen ted, that can b e re�ned to yield

a shorter represen tation of the solution.

Lemma 4.4:

F or eac h �nite automaton A , a corresp onding solv ed form can b e constructed.

Example 4.1 [Constructing the Solv ed F orm]

Consider the bit-v ector equation x

[2]

+

[2]

y

[2]

!

= 2

[2]

. After translation to the equiv alen t W S 1 S form ula, Mona

returns a �nite automaton, whic h is reduced to a form omitting non-successful branc hes:

0
0

1
1

1
0

0
1

1
0

0
1

0
0

1
1

0
0

1
1

1
0

0
1

1

2

3

4

5

0
0

1
1

1
0

0
1

0
0

1
1

1

2

4

5

Automaton as Constructed b y Mona Reduced Automaton

The upp er sym b ol on eac h transition edge refers to v ariable x

[2]

and the lo w er sym b ol to y

[2]

. Accepting

no des in a depth falling short the length of the smallest bit-v ector v ariable are transformed to non-accepting

no des. An accepting no de can only o ccur in the depth matc hing the width of the longest v ariable, deep er

no des and edges are deleted.

The construction w orks bit p er bit. The �rst bit of x

[2]

is unrestricted, for either c hoice can lead to the

accepting no de. Th us, x

[2]

[0 : 0] is set to a fresh v ariable � . Then, y

[2]

[0 : 0] is necessarily � as w ell. This

completes the computation of the leftmost bits, the old ro ot (1) is deleted, lea ving the t w o automata high-

ligh ted grey .

Starting at either of the new ro ots (2) or (4), the c hoice of x

[2]

[1 : 1] is arbitrary and therefore set to �

0

.
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In the lo w er path (4)-(5), where � ev aluates to true , y

[2]

[1 : 1] has to b e c hosen opp osite to �

0

, whereas

in the upp er path (2)-(5), it has to b e iden tical with �

0

. This is expressed b y means of the OBDD

Ite ( � ; Ite ( �

0

; 1 ; 0 ) ; Ite ( �

0

; 0 ; 1 ) ). The �nal result presen ts as

x

[2]

= � 
 �

0

y

[2]

= � 
 Ite ( � ; Ite ( �

0

; 1 ; 0 ) ; Ite ( �

0

; 0 ; 1 )).

Pro of of Lemma 4.4: [b y Construction]

First, the reduced automaton is constructed, whic h is the initial elemen t of a set � of reduced automata.

The algorithm pro ceeds bit b y bit, i.e. it traces breadth-�rst through ev ery automaton in � in parallel,

in tro ducing fresh v ariables (if necessary) and c hec king dep endencies resp ectiv ely .

Eac h step migh t|while deleting the ro ot no des|split the automata to sev eral new ro oted automata that

are stored in �. With eac h step, the represen tation of eac h concerned original v ariable gro ws b y one bit, that

is either a constan t, a fresh v ariable or an OBDD. F or eac h original v ariable x

i

[ m

i

]

, step j can b e sk etc hed

as follo ws:

� Build an OBDD re
ecting the dep endencies of the next c hoice for x

i

[ m

i

]

[ j : j ]. It migh t b e necessary

to in tro duce a fresh v ariable as w ell to represen t am biguities in a distinct branc h of the OBDD (i.e. if

there is no functional dep endency of the j

th

bit of x

i

[ m

i

]

).

� This OBDD migh t simplify to fresh v ariables or to a constan t.

� App end this OBDD to the so-far description of x

i

[ m

i

]

, unless the width of x

i

[ m

i

]

w as already exceeded.

Con tin ue un til ev ery automaton in � is reduced to the accepting no de. The obtained description of eac h

original v ariable is a complete and correct represen tation of a solution, but not necessarily the simplest one.

�

Optimization of the Algorithm

There are t w o p oin ts where an optimization of the sk etc hed algorithm can b e applied. The ma jor dra wbac k

is the split-up to ev ery single bit. This can b e a v oided b y in tro ducing the notion of hyp er-e dges , mark ed with

strings instead of c haracters. While clustering edges to h yp er-edges, whic h are allo w ed to p erform sev eral

transitions at once, a smaller but equiv alen t automaton is obtained.

A second p oin t is that the algorithm implicitly assumes that ev ery v ariable is dep enden t on ev ery other.

Practically , this is rarely the case. It migh t b e p ossible to split the original automaton in to a set of smaller

automata, eac h only pro cessing a disjoin t set of original v ariables. The optimal partition can b e found b y

an (p ossibly exhaustiv e) indep endency c hec k, lik e \If y [ i : i ] is c hosen arbitrarily , do es this a�ect x [ j : j ] in

an y branc h?" for all x; y ; i; j .

4.1.5 A Short Glimpse at the Complexit y

The complete transformation of a bit-v ector equation to a W S 1 S form ula leads to a mo derate blo w-up in size.

T ransformations of concatenations, extractions and ev en additions are p erformed in linear time, and yield

just a linear o v erhead of in tro duced F il ter and R esul t v ariables. The transformation of b o olean op erations

to equiv alen t expressions using only op erators : ; ^ ; _ is p ossible with exp ense O (2

n

), if n is the n um b er of

argumen ts in the original expression with an y 1-ary and 2-ary connectiv es allo w ed. Not to o bad. W e cannot

exp ect to obtain a solv er p olynomial for all inputs an yw a y , at least if w e are fond of the conjecture P 6= N P .

Really time-consuming is the construction of the correlated automaton|though W S 1 S is decidable, the

complexit y of deciding a form ula in general is staggering. As demonstrated in the follo wing, realistic sized

examples push the limits of this approac h.
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4.1.6 Run-Time Exp erimen ts

A grid of (hop efully) represen tativ e examples w as pro cessed b y means of Mona , incremen ting the usage

of op erators as w ell as the width of the terms. Either results in a noticeable slo wdo wn|surprisingly , the

capacit y of Mona is so on exceeded. In particular, the usage of p osition shifts resulted in run-time errors

a

,

or|ev en w orse|in a crash of the Mona program (as in example C1) at lo w width. The author do es not

ha v e a satisfying explanation for this b eha vior, since the op eration itself is exp ected just to shift sets of

in ternal v ariables b y an �xed o�set.

The exp erimen ts used an Allegro Common Lisp 4.3 translation algorithm presen ted in App endix C.1 and

w ere executed on a 143MHz Sparc Ultra 1 W orkstation. Measured w as the run-time of the Mona program

(V ersion 1.1), the translation time to W S 1 S form ulae w as neglected. The examples are group ed in to three

categories A, B and C, eac h con taining six plots. The �rst three plots are terms in the core theory together

with b o olean op erations, whereas the ones on the righ t-hand side allo w addition as w ell.

A. Chec king T autology

The equations pro cessed in this category are tautologies. The task of detecting this is usually p erformed

via canonization, but as noted in section 2.3.2, canonization of b o olean op erations can b e an exp ensiv e

op eration itself. Th us, the Mona to ol had to c hec k the equiv alence of n -bit functions here. As observ ed

in A3, a concatenation (expressed b y means of p osition shifts) is a v ery consumptiv e op eration, whereas

addition (A4-A6) is pro cessed in reasonable time.

B. Chec king Unsatis�abilit y

F or unsatis�able equations, Mona ev en tually results in an automaton accepting ; . The w a y to obtain this

automaton migh t b e di�cult, though. Again, concatenation (B1) yields a bad p erformance, whereas the

examples in v olving logic an addition tak e at most 65 seconds.

C. Satis�able Equations

The equations in this category are satis�able, but not v alid. The time measured do es not include the bac k-

translation of the automaton to a solv ed form, but the gained automata enco de the most general solution.

P osition shifts are once more a problem, caused b y an extraction in case C1. It migh t b e surprising, that

the b eha vior in examples C4-C6 w as roughly the same as e.g in B4-B6, though the resulting automata are

far more complicated here.

a

In examples A3, B1, C2 and C3 Mona returned at width 16 the error message \ Memory management library: error:

mem get block: allocation failed ".
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4.1.7 Extension to Larger Theories?

The W S 1 S represen tation of bit-v ector equations w orks for �xed size. Wh y can x

[ n ]

not b e enco ded in

a similar w a y , if n is unkno wn? Of course, one parameter n can b e allo w ed, if t and u con tain but one

parameterized v ariable at the righ tmost p osition. Then, not W S 1 S but S 1 S form ulae are constructed.

Ho w ev er, this attempt co v ers only a small family of equations and the usabilit y is therefore questionable.

The crucial p oin t is, that in order to enco de a concatenation, one has to p erform a shift on the bit p ositions

of some v ariable. These shifts are W S 1 S , i� they are c onstant . While trying to p erform variable shifts, a

serious problem is encoun tered. In order to represen t terms lik e S et + v ar , it is vital to in tro duce a seman tic

of a shift b y a natural n um b er. The only w a y to enco de this, is b y means of a second order v ariable.

If second order v ariables are used to enco de as w ell the v alues as the width of a bit-v ector, there is an

am biv alence. It has to b e stated whic h is whic h. A t least if the prop osed enco ding is follo w ed, there seems

to b e no w a y to cross this obstacle. According to the author's estimation, these di�culties are in v arian t

under mo di�cation of the enco ding.

Ho w ab out using a stronger v ersion of monadic logic, namely W S 2 S ? Here w e ha v e a kind of tree logic, i.e.

monadic theory with t w o successor functions. Though this is one of the most p o w erful theories kno wn to b e

still decidable (cf. [BGG97]), the task of enco ding bit-v ector theory in to it failed for the follo wing reasons:

� W e ha v e to represen t bit-v ector v ariables as ob jects of arbitrary size. This can only b e p erformed b y

means of exploiting the tree depth.

� In order to express a concatenation, it has to b e p ossible to \stic k" one bit-v ector to the end of the

other one. Th us, \the end" has to b e kno wn or mark ed.

� W e can describ e distinct p ositions in a tree, but the term structure allo ws no shift of a uncertain

amoun t of p ositions.

These are just argumen ts and not a pro of that the prop osed task is m utually imp ossible.

4.1.8 Semaphore

Monadic second order logic pro vides a system p o w erful enough to enco de and solv e bit-v ector equations.

Concerning b o olean connectiv es or simple arithmetic it sho ws a reasonable resp onse time, but p osition

shifts seem to add enormously to this complexit y . This indicates that W S 1 S do es not adapt closely to the

p eculiarities of the theory of bit-v ectors, where concatenations and extractions are used exhaustiv ely . In

addition, it remains unclear ho w to extend the notion in a w a y to express v ariable width of bit-v ectors in

general. This motiv ates the searc h for other approac hes, adapting closer to the c haracteristics of bit-v ector

terms.

4.2 Solving via an Equational T ransformation System

Solving is, from a certain p oin t of view, extrap olation of information. Th us, while pro cessing an equation,

nothing is added actually , but brough t in to a more con v enien t form. This motiv ates to dev elop a solv er just

b y means of transforming information, un til a �x p oin t|the solv ed form|is reac hed.

In this section, a simple equational transformation system is presen ted, that can b e utilized as a solv er for

the core theory . It builds a basis for extension to b o olean op erations, arithmetic or v ariable width.
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4.2.1 Equational T ransformation Systems

De�nition 4.4: [Equational T ransformation System]

A e quational tr ansformation rule R is a form ula

f p

1

= q

1

; � � � ; p

n

= q

n

g ; pred ( p

1

; q

1

; : : : ; p

n

; q

n

) � f l

1

= r

1

; � � � ; l

m

= r

m

g :

where pred is a 2n-ary predicate. If pred is omitted, it is supp osed to b e the constan t true . The set

f p

1

= q

1

; � � � ; p

n

= q

n

g is referred to as lhs ( R ) and f l

1

= r

1

; � � � ; l

m

= r

m

g is denoted b y rhs ( R ).

A matching ( M ; � ) with resp ect to a equational transformation rule R is a set M of bit-v ector equations

together with an substitution � , suc h that � ( M )

.

= lhs ( R ) ^ pred ( M ).

A e quational tr ansformation system or ETS is a set < of equational transformation rules. It op erates on a

set � of bit-v ector equations. In this con text it is understo o d that for a matc hing ( M ; � ) with resp ect to

R 2 < , � up dates to

�  

�

� n �

�

lhs ( R )

�

�

[ �

�

rhs ( R )

�

:

A set � is called terminal with resp ect to < , if there exists no matc hing in � with resp ect to a R 2 < .

y

4.2.2 A Simple Strategy: Reduced Chopp er

Bit-v ector terms that are either v ariables, extractions on v ariables or constan ts are called chunks . The CTRS

presen ted in this section orien tates on the

Concept of the Largest Ch unks:

T r e at only the chunks with the highest p ossible width as distinct obje cts.

Let x

[ n ]

and y

[ m ]

denote bit-v ector v ariables, p

[ n ]

and q

[ m ]

represen t c h unks and s

[ n ]

, t

[ k ]

and u

[ l ]

stand for

general bit-v ector terms. The index of terms denotes their o v erall width. In the core theory these are in fact

�xed n um b ers. Constan ts are represen ted as de�ned in section 2.1.

The underlying data structure is a set � of bit-v ector equations. Some equational transformation rules just

transform one equation to a set of other equations, some require t w o equations to p erform a matc h. The

equational transformation system presen ted in Figure 4.3 is called r e duc e d chopp er and is abbreviated b y

C

<

. In order to explain ho w it w orks, it is necessary to in tro duce some sp ecial notions.

De�nition 4.5 A c o arsest slicing rule or short CS-rule is a bit-v ector equation of the form p

[ n ]

= s

[ n ]

,

where p

[ n ]

6

.

= s

[ n ]

but p

[ n ]

.

= � ( s

[ n ]

).

An initial CS-rule set with resp ect to t = u or short init-CS ( t = u ) is de�ned as

init-CS ( t = u )

:

=

�

p

[ n ]

= s

[ n ]

�

�

p

[ n ]

= s

[ n ]

is a CS-rule that can b e built with c h unks in t and u

	

F or example, if x

[4]

[0 : 1] o ccurs in t = u , init-CS ( t = u ) con tains the CS-rule x

[4]

= x

[4]

[0 : 1] 
 x

[4]

[2 : 3].

Let t = u b e a bit-v ector equation on the v ariables x

1

[ m

1

]

, ..., x

n

[ m

n

]

. A solve d set �

?

with resp ect to t = u

is a set of equations on x

1

[ m

1

]

, ..., x

n

[ m

n

]

where the follo wing holds:

1. v ars

�

�

?

) � v ars ( t ) [ v ars ( u ),

2. �

?

j = t = u and t = u j = �

?

,

3. for eac h x

i

[ m

i

]

2 v ars (�

?

), there exists an equation x

i

[ m

i

]

= t

[ m

i

]

2 �

?

, whic h is not a CS-rule,

4. �

?

is terminal with resp ect to t = u .

y

A solv ed set is not a v alid solution according to section 2.2.3, since the same v ariable migh t o ccur on b oth

sides of an equation. Ho w ev er, a solv ed form can b e easily obtained.

Lemma 4.5:

Giv en a solv ed set �

?

, a solv ed form �

0

?

according to 2.2.3 can b e constructed, suc h that

�

?

j = �

0

?

and �

0

?

j = �

?
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(1) p

[ n ]


 t = q

[ n ]


 u �

�

p

[ n ]

= q

[ n ]

t = u

�

(1

0

) p

[ n ]


 t = q

[ m ]


 u; n < m �

8

<

:

p

[ n ]

= � ( q

[ m ]

[0 : n � 1])

� ( q

[ m ]

[ n : m � 1]) 
 u = t

q

[ m ]

= � ( q

[ m ]

[0 : n � 1]) 
 � ( q

[ m ]

[ n : m � 1] )

9

=

;

(1

00

) p

[ n ]


 t = q

[ m ]

�

8

<

:

p

[ n ]

= � ( q

[ m ]

[0 : n � 1])

� ( q

[ m ]

[ n : m � 1]) = t

q

[ m ]

= � ( q

[ m ]

[0 : n � 1]) 
 � ( q

[ m ]

[ n : m � 1] )

9

=

;

(1

000

) q

[ m ]

= p

[ n ]


 t �

8

<

:

p

[ n ]

= � ( q

[ m ]

[0 : n � 1])

� ( q

[ m ]

[ n : m � 1]) = t

q

[ m ]

= � ( q

[ m ]

[0 : n � 1]) 
 � ( q

[ m ]

[ n : m � 1] )

9

=

;

(2) c

[ n ]

= c

0

[ n ]

; c 6= c

0

� F AIL

(3) t = t � fg

(4)

�

p = t

q = u

�

; q � t �

�

p = t [ q =u ]

q = u

�

(5)

�

p = q

q = r

�

�

�

p = r

q = r

�

(6)

�

p = q

q = p

�

� f p = q g

(7)

�

p = t

p = u

�

�

�

p = t

u = t

�

(8) c = t; t 6= const � f t = c g

Figure 4.3: Reduced Chopp er C

<

{ A ETS for Solving Bit-V ector Equations

Pro of: Replace all o ccurrences of extractions on v ariables on the righ t hand sides of the terms x

i

[ m

i

]

= t

[ m

i

]

in �

?

b y fresh v ariables to obtain �

0

?

.

�

Theorem 4.6:

Let t = u b e a bit-v ector equation B V


 ; [1:1]

. Started on f t = u g [ init-CS ( t = u ) , the equational

transformation system C

<

alw a ys terminates with a solv ed set.

Pro of Sk etc h:

� By insp ection, the equational transformation rules (1)-(8) are equiv alence-preserving, in the sense that

the replacemen t of the matc hings with the righ t hand sides do es neither in tro duce new nor omit existing

information. Th us, giv en termination, the result is a solv ed set.

� T ermination follo ws from the observ ations

(a) The rules (1)-(1

000

) actually decrease the width of the in v olv ed terms; th us, they can b e applied

only a �nite n um b er of times.

(b) Rules (2), (3) and (6) yield a smaller set �.

(c) Rules (4), (5), (7) and (8) do not enlarge �. T ogether with (6) they build up a kind of union-�nd

structure, whic h is lo op-free and th us terminates.

�
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T able 4.4: Chec king T autology and Unsatis�abilit y via Reduced Chopp er

4.2.3 Run-Time Exp erimen ts with C

<

C

<

is implemen ted in Common Lisp b y means of a matc h-and-rewrite strategy on a set of equations. The

algorithm applies the rules (1)-(8) in an randomized order, th us the run-time p erformance is rather a hin t

than an accurate c haracterization. The measured time|again on a Sparc Ultra 1 W orkstation|includes

the computation of init-CS ( t = u ). Since b o olean op erations or arithmetic are not included, some of the

exp erimen ts in section 4.1.6 can not b e pro cessed. T autologies and unsatis�able equations are displa y ed in

T able 4.4 and satis�able but not v alid form ulae in T able 4.5.

C

<

sho ws a go o d p erformance on simple equations that in v olv e concatenations lik e B1. It deals only with

the largest c h unks p ossible, so run-time increases not necessarily with term width (as demonstrated in

examples B1, C1 and C2). This yields m uc h faster results than the pro cession via W S 1 S (cf. pages 44� ).

On the other hand, it is rather exp ensiv e to split up a wide v ariable to n umerous bits, as seen in C3 and

C3b. This is explained b y the gro wing n um b er of CS-rules.
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[s]

[n]

C2:

x

[

n

2

]


 y

[

n

2

]

!

= y

[

n

2

]


 z

[

n

2

]

C3b:

0

[2]


 x

[ n - 2]

!

= x

[ n - 2]


 0

[2]

T able 4.5: Satis�able Equations via reduced c hopp er

4.2.4 Semaphore

The reduced c hopp er algorithm is understo o d as the basis of a real e�cien t solv er. The follo wing dra wbac ks

are to men tion:

� Nondeterminism - the guessing of the next step is a time-consuming feature.

� Explicitness of slicing information - the storage of all o ccurring CS-rules in � can lead to an exp onen-

tial blo w-up in the n um b er of equations, for there are 2

n - 1

- n p ossible CS-rules concerning the term

x

[ n ]

[0 : 0] 
 � � � 
 x

[ n ]

[ n -1 : n -1] .

� Lac k of b o olean op erations, arithmetic and v ariable width.

It is not reasonable to exp ect a solving concept to b e as w ell most general and e�cien t. An argumen t in fa v or

of this is the Non-Existence Theorem 3.7. Th us, the extension forks in t w o w a ys. First, Construct an e�cien t

solving algorithm for �xed size on the basis of the reduced c hopp er; this should allo w b o olean op erations
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and arithmetic. This is done in the follo wing section. Second, Expand the equational transformation system

in a w a y that allo ws pro cessing of bit-v ector terms with v ariable width, th us constructing a frame solv er.

This is what the next c hapter is ab out.

4.3 The Op erationalization: Fixed Solv er

The concept of the largest c h unks|as applied in the previous section|is extended to an e�cien t and

deterministic represen tation of the reduced c hopp er algorithm. Sim ultaneously , b o olean op erations and

arithmetics are added. The resulting algorithm is referred to as �xe d solver .

In order to op erationalize the reduced c hopp er, it is necessary to in tro duce a new paradigm: the distinction

b et w een left-hand side and righ t-hand side of an equation. Roughly , the left-hand side is reserv ed to original

v ariables, and on the righ t-hand side there are constan ts and fresh v ariables. F resh v ariables|in the follo wing

denoted with a

[ n ]

, b

[ n ]

, d

[ n ]

and e

[ n ]

|are in tro duced in order to express equalit y of c h unks of original bit-

v ector v ariables. Consider, for example,

x

[8]

= a

[4]


 0

[4]

y

[16]

= b

[12]


 a

[4]

These equations express that x

[4]

starts with the same four bits (denoted as y

[16]

ends with. The original

v ariables x

[8]

and y

[16]

are on the left hand side and the fresh v ariables on the righ t hand side. This pro v es

to b e a v ery useful concept.

4.3.1 The Algorithm in an Ov erview

The complete algorithm can b e separated in sev en subsequen t phases, as sk etc hed in Figure 4.4. Bo olean

op erations and arithmetic is in tro duced b y means of OBDDs and the canonical form is de�ned according

to De�nition 2.6. The details are explained in sections 2.3.2 and 2.3.3. The input to the algorithm is an

bit-v ector equation t

!

= u with �xed size, concatenation, �xed extraction, b o olean op eration and arithmetic

allo w ed. The output is a solv ed form according to section 2.2.3. Since canonization is|strictly sp eaking|not

part of the solv er, it is listed as Phase 0. Note that tautologies are detected righ t after canonization.

4.3.2 Phase 1: Slicing

The t w o canonical terms t

0

and u

0

are either simple terms (i.e. constan ts, v ariables, extractions or bit-v ector

OBDDs) or concatenations of simple terms. They are slic e d to p ossibly smaller simple terms, where the

width of all the c h unks in t

00

and u

00

matc h b y pairs:

t

0

.

= t

0

1

[ l

1

]


 t

0

2

[ l

2

]

u

0

.

= u

0

1

[ k

1

]


 u

0

2

[ k

2

]


 u

0

3

[ k

3

]

slicing

�

t

00

.

= t

1

[ m

1

]


 t

2

[ m

2

]


 t

3

[ m

3

]


 t

4

[ m

4

]

u

00

.

= u

1

[ m

1

]


 u

2

[ m

2

]


 u

3

[ m

3

]


 u

4

[ m

4

]

Also, all constan ts c

[ n ]

ha v e to b e split up to concatenations of terms 0

[ m ]

and -1

[ m ]

. This is necessary in

order to apply transformation to OBDD leaf no des whenev er required. Since all width information is �xed,

this step can b e p erformed deterministically . The resulting set of p ossibly smaller equations is pro cessed one

b y one via the pro cedure c h unk-solv e .

4.3.3 Phase 2: Ch unk-Solv e

The input to this sub-pro cedure is an equation t

i

[ m

i

]

!

= u

i

[ m

i

]

on simple terms. Ch unk-solv e yields a set of

equations of the form

h original v ariable i = h term o v er constan ts and fresh v ariables i
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1 1u tt 2 m

x = .. y = ..

t

w = ..
z = ..y = ..

w = h

y = c1  c2  c3
    d1  d2  d3

x = a1  a2
    b1  b2

a1

x = ..

c3
d3

c2
b1

a2
b2

c1
d1 d2

CanonizationPhase 0

Phase 1

1 m2

1 22 m

Phase 2 Chunk-Solve
= = =...

Phase 3 Blocking
y = c z = e

Phase 4 Coarsest Slicing

x = a

w = h1  h2z = e

  = b   = d

Phase 5 Propagation

Phase 6 Recombination

t' = u'

u'= u   u   ...  u

Input:

u

Slicing

t = u

t'= t   t   ...  t

z = e

x = a1   b2
y = d1   0   c3

w = d1   0

!

u 2 m

False True

Figure 4.4: The Fixed Solv er in an Ov erview
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Recursiv e Pro cedure OBDD-solv e

Input S : OBDD

Let S = Ite ( P ; B

P

; B

P

) In

Let � b e a fresh v ariable

E Q

P

:= P = Ite ( B

P

; Ite ( B

P

; � ; true ) ; false )

C str nt := Ite ( B

P

, true , B

P

)

/ ? B

P

_ B

P

? /

E Q - set

:

= OBDD-solv e ( C str nt )

Return f replace-original-v ars-on-rig h t-hand-s ide-via -EQ -set ( E Q

P

) g [ E Q - set

Figure 4.5: The Recursiv e Sub-Pro cedure OBDD-solv e

Basically , there are four cases (a)-(d):

(a) A t least one term t

i

[ m

i

]

is a constan t

If the second term u

i

[ m

i

]

is iden tic to t

i

[ m

i

]

, the empt y set is returned. If it is a di�eren t constan t, the solv er

ab orts with false ; otherwise, c h unk-solv e yields the set f u

i

[ m

i

]

= t

i

[ m

i

]

g .

(b) The set v ars ( t

i

[ m

i

]

) \ v ars ( u

i

[ m

i

]

) is empt y

If no OBDDs are in v olv ed, t

i

[ m

i

]

and u

i

[ m

i

]

are just t w o c h unks that are mean t to b e equal. In the reduced

c hopp er algorithm, this fact is represen ted b y this v ery equation, but follo wing the paradigm of left-hand

side and righ t-hand side, it is expressed b y means of in tro ducing a fresh v ariable a

[ m

i

]

that is put on the

righ t-hand-side at the appropriate p osition. E.G. c h unk-solv e ( x

[2]

= y

[4]

[0 : 1] ) results in the set

�

x

[2]

= a

[2]

;

y

[4]

= a

[2]


 b

[2]

�

:

Here, the fresh v ariable b

[2]

is just a place holder to pad parts of y

[4]

that are not e�ected b y the equation.

(c) Both terms are extractions on the same v ariable: x

[ n ]

[ j : i ]

!

= x

[ n ]

[ l : k ]

Without loss of generalit y , let j � l . Then, three di�eren t cases are p ossible:

(1) j = l ^ k = l ) ;

(2) i < l ) f x

[ n ]

= b

[ j - 1]


 a

[ i - j +1 ]


 d

[ l - i - 1]


 a

[ i - j +1 ]


 e

[ n - k - 1]

g

(3) i � l ) f x

[ n ]

= b

[ j - 1]


 ext ( a

[ l - j ]

; k - j + 1) 
 d

[ n - k - 1]

g

In (2) and (3), the v ariables b; d and e are paddings that are omitted if their length ev aluates to 0. In general,

c h unk-solv e o�ers here a shortcut of the iterativ e application of the reduced c hopp er rules (1)-(1

000

). F or a

detailed explanation of this case split see [CMR96], where a predecessor of the �xed solv er algorithm w as

published.

(d) One term is an OBDD

In this case, the other term is lifted to an (p ossibly trivial) OBDD and the b o olean connectiv e e quivalenc e

\ � " is applied. Instead of solving O B D D

1

!

= O B D D

2

, the equation

�

O B D D

1

� O B D D

2

�

!

= true is pro-

cessed. As stated in [CMR97], this can b e p erformed via the pro cedure OBDD-solv e presen ted in Figure 4.5.

The pro cedure yields a set of equations, where original v ariables are on the left hand side and fresh v ariables

are no des in an OBDD on the righ t hand side.

T o giv e an example, the equation x

[4]

_ y

[4]

!

= -1

[4]

is pro cessed as follo ws:

OBDD-solv e ( Ite ( x

[4]

; -1

[4]

; Ite ( y

[4]

; -1

[4]

; 0

[4]

))) =

�

x

[4]

= a

[4]

;

y

[4]

= Ite ( a

[4]

; Ite ( b

[4]

; -1

[4]

; 0

[4]

) ; -1

[4]

)

�
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4.3.4 Phase 3: Blo c king

The n umerous equations returned b y c h unk-solv e are collected according to the original v ariables. The set

of bit-v ector terms on the righ t hand side is referred to as a blo ck . The equalit y of these terms is propagated

later on, similar to the reduced c hopp er rule (7) in Figure 4.3.

4.3.5 Phase 4: Coarsest Slicing

On eac h blo c k a slicing according to its con ten ts is p erformed. Th us, the blo c k splits up in to a set of

c olumns , eac h consisting of a set of simple terms that are required to b e equal. In order to propagate

equalit y , referen tial transparency is desired. This means, if information ab out a c h unk a is pro cessed, only

places are a�ected where c h unk a o ccurs. A t the curren t state there migh t exist terms lik e a

[4]

and a

[4]

[0 : 1].

During this phase, all o ccurrences of a

[4]

are then replaced b y the term a

[4]

[0 : 1] 
 a

[4]

[2 : 3] . P ossibly , this

leads to further split-ups of the columns an so on. This iterativ e pro cess terminates at latest, when eac h

column is of width one. The �nally reac hed split-up of fresh v ariables in to the coarsest p ossible c h unks

reac hed is referred to as the c o arsest slicing .

It is a justi�ed question wh y this step is applied here and not m uc h earlier. F or example, if it w ould ha v e

b een applied during the slicing, all o ccurring c h unks w ere already kno wn. Roughly , this is the approac h

follo w ed b y Bj�rner and Pic hora [BP98], where a normal form of an equation is computed a priori b y means

of functions cut and dice , th us an ticipating a kind of coarsest slicing.

An argumen tativ e consideration leads to the design decision dra wn here. Due to the t ypical application in

formal v eri�cation, most equations pro cessed via decision pro cedures are either tautologies or unsatis�able.

The strategy is to detect these cases as so on as p ossible.

T autologies are detected after canonization. But unsatis�abilit y could b e detected at �rst after the c h unk-

solving. Consider for example the equation

1

[1]


 0

[1]


 x

[ n ]

0

[1]


 x

[ n ]


 0

[1]

!

=

A coarsest slicing ev en tually splits up x

[ n ]

to c h unks of width one. But it is ob vious that this equation

cannot b e satis�ed b ecause of the non-matc hable leftmost constan ts. This is detected b y c h unk-solv e , th us

a split-up of x

[ n ]

can b e a v oided.

4.3.6 Phase 5: Propagation

In this step the equalit y within eac h column is propagated. The applied metho d is to build up a union-�nd

structure (for example see [Sho78, GHR93]) in a w a y that there is a pro cedure pair union and �nd , where

�nd ( : ) : maps eac h o ccurring c h unk to a unique represen tativ e

union ( : ; : ) : merges the represen tativ es of b oth argumen ts

In the b eginning of the propagation, �nd maps eac h c h unk to itself. When a union of t w o di�eren t constan ts

is attempted, the algorithm ab orts with a false lik e in the reduced c hopp er rule (2). If no OBDDs are

in v olv ed in a union, the unique represen tativ e is set to the constan t (if an y) or one of the represen tativ es

of b oth argumen ts. If a c h unk w as up dated to another represen tativ e, it has to v anish completely . It is

crucial that this replacemen t op eration a�ects ev ery o ccurrence, esp ecially in OBDD no des. If additional

information concerning a OBDD no de applies, the structure of the OBDD c hanges. Consider for example

the OBDD x

[3]

^ y

[3]

, where a union ( x

[3]

[2 : 2] ; 1

[1]

) is called. The OBDD structure sp ecializes as follo ws:
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Example 4.2

1

x

y

- 0 1

x

y

[3]

[3]

-[2] [2]

[3]

[3]

0

[0:1]

[0:1]

[2:2]

[2:2]

[1] [1]

x

[3]

[2:2]= 1

�

0 1

x

y

[3]

[3]

[2] [2] 0 1

y[3]

[1] [1]

[0:1] [2:2]

- -

[0:1]

Ite ( x

[3]

, 0

[3]

, Ite ( y

[3]

, 0

[3]

, -1

[3]

))

Ite ( x

[3]

[1 : 2] ; Ite ( y

[3]

[1 : 2] ; -1

[2]

; 0

[2]

) ; 0

[2]

) 


Ite ( y

[3]

[0 : 0] ; 1

[1]

; 0

[1]

)

It is guaran teed b y the coarsest slicing that the split-up as seen on the left side w as already p erformed.

Applying union on Bit-V ector OBDDs

If at least one argumen t of union is an OBDD, the op eration is sligh tly more complex. In tuitiv ely , it has to

b e made explicit that the equation ar g ument

1

!

= ar g ument

2

ev aluates to true in an y case. Both argumen ts

can con tain arbitrary man y c h unks. This task can b e p erformed as follo ws:

� Build O B D D

:

= ( ar g ument

1

� ar g ument

2

),

� if O B D D = false , ab ort the algorithm and return false ; else

� Compute eq - set

:

= OBDD-solv e ( O B D D ),

� Replace an y o ccurrence of a c h unk on the left-hand side in eq - set b y the corresp onding righ t-hand side.

4.3.7 Phase 6: Recom bination

If the algorithm did not ab ort with true or false previously , a conjunction of equations of the follo wing form

is generated:

h original v ariable i = h term o v er constan ts and fresh v ariables i

The righ t hand side is constructed as a concatenation of the columns obtained in phase 4. Since the equalit y

in eac h column w as propagated in phase 5, an y elemen t of the column is mapp ed via �nd to a unique

represen tativ e that is either a constan t, a fresh v ariable, an extraction on a fresh v ariable or an OBDD.

If an y extractions on fresh v ariables o ccur, they w ere generated in phase 4 during the computation of the

coarsest slicing. If a clean output with no redundan t extractions is desired, all of them can b e easily replaced

b y fresh v ariables of appropriate width. In an y case, the set of equations put out is a solv ed form according

to section 2.2.3.

4.3.8 Run Time Exp erimen ts

The �xed solv er describ ed ab o v e w as implemen ted in Allegro Common Lisp. A source co de is included in

App endix C.2. This implemen tation has b een applied to all the examples describ ed in section 4.1.6. The

run-time measured on a Sparc Ultra 1 con tains b oth canonization and solving. The canonization time is

mark ed b y a \ � " and the o v erall computation time b y \ 
 ".

T o put it in a n utshell, the �xed solv er sho ws a go o d p erformance with concatenations and extractions

and a mo derately go o d b eha vior, if complex b o olean op erations or arithmetic is in v olv ed. It adapts b etter

than the reduced c hopp er to cases where iterated slicing has to b e applied, as demonstrated in example C3.

If complicated OBDD information is pro cessed, the algorithm so on reac hes it's limits as seen in C5 and

C6. This is explained b y the exp ensiv e propagation of equalit y , if OBDDs are in v olv ed excessiv ely . The

computation on width 8 w as ab orted after more than 20 hours. As describ ed in the next section, the

p erformance in these cases can b e impro v ed notably b y means of in tro ducing heuristics.
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T able 4.8: Satis�able Equations via Fixed Solv er
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4.4 In tro ducing Heuristics for the Fixed Solv er

The propagation of equalit y with OBDDs is an exp ensiv e task, for eac h merge op eration migh t result in

a large n um b er of replacemen ts. This is the case in the examples C5 and C6 (page 59). In this section,

heuristics to optimize the propagation for the �xed solv er are discussed. Sometimes it is adv an tageous to

pro cess informations con tained in OBDDs earlier. Since v alid equations are detected righ t after canonization,

the adv an tages applies only to unsatis�able and non-v alid form ulae. The idea of the heuristic is explained

using pigeon hole form ulae.

4.4.1 The Pigeon Hole Principle

This classic scenario explains as follo ws. Consider a n um b er n of pigeon holes and n + 1 pigeons. No w, it

is not feeding time and therefor ev ery pigeon is supp osed to b e in a hole. Since there are not enough holes

for all the pigeons, at least one hole is o ccupied b y more than one pigeon. This can b e mo deled in b o olean

logic, e.g. via in tro ducing ( n + 1) � n prop ositional v ariables m

ij

, i = 1 ; : : : ; n + 1, j = 1 ; : : : ; n , whic h are

in terpreted as

m

ij

= true i� Pigeon # i is in Hole # j ; i = 1 ; : : : ; n + 1 ; j = 1 ; : : : ; n

On this basis, three b o olean form ulae are de�ned, eac h expressing one part of the scenario:

�

1

: Ev ery pigeon is in at least one hole.

�

2

: In no hole there is more than one pigeon.

�

3

: No pigeon is in more than one hole.

If the n um b er of holes n = 2, these form ulae presen t as

�

1

= ( m

11

_ m

12

) ^ ( m

21

_ m

22

) ^ ( m

31

_ m

32

)

�

2

= ( m

11

! : m

21

^ : m

31

) ^ ( m

21

! : m

11

^ : m

31

) ^ ( m

31

! : m

11

^ : m

21

) ^

( m

12

! : m

22

^ : m

32

) ^ ( m

22

! : m

12

^ : m

32

) ^ ( m

32

! : m

12

^ : m

22

)

�

3

= : ( m

11

^ m

12

) ^ : ( m

21

^ m

22

) ^ : ( m

31

^ m

32

)

It is ob vious that the form ula �

1

^ �

2

^ �

3

cannot b e satis�ed. Moreo v er, form ula �

3

can b e neglected, since

ev en if a pigeon manages to b e in more than one hole at once, �

1

^ �

2

is necessarily false.

In spite of the clear in tuition, this example is a c hallenge for mec hanical pro of systems. In 1985 Hak en

sho w ed, that there is an exp onen tial lo w er b ound in n for the n um b er of steps an y pro of of unsatis�abilit y

needs, when using resolution as decision pro cedure (cf. [Hak85]).

4.4.2 Expressing Pigeon Hole in the Bit-V ector Theory

F or eac h b o olean v ariable m

ij

, a corresp onding bit-v ector m

ij

[1]

is in tro duced. Then the form ulae �

1

; �

2

and �

3

can b e built as OBDDs b y means of applying the b o olean connectiv es on bit-v ector terms of width

one. In the follo wing, �

1

; �

2

and �

3

are assumed to b e bit-v ector OBDDs. No w there are sev eral sligh tly

di�eren t w a ys to express the pigeon hole principle:

( I ) �

1


 �

2


 �

3

!

= 1

[1]


 1

[1]


 1

[1]

( I I ) �

1


 �

2

!

= 1

[1]


 1

[1]

( I I I ) �

1

^ �

2

^ �

3

!

= 1

[1]

( I V ) �

2

^ �

2

!

= 1

[1]

In an y case, the solv er is exp ected to return false . The run-time of the �xed solv er to sho w unsatis�abilit y

dep ends hea vily on the kind of formalization, as sho wn in T able 4.9. The y -axis is scaled in a logarithmic

manner, the b ottom line \0" is to read as \b elo w one second".
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T able 4.9: The Pigeon Hole Principle via the Fixed Solv er [without Heuristic]

The p erformance of the �xed solv er gets b etter from (I) to (IV) with a noticeable gap b et w een (I)/(I I) and

(I I I)/(IV). This is due to the fact that since the form ulae �

1

and �

2

are b oth satis�able, in (I) and (I I) the

unsatis�abilit y of the o v erall equation is detected no so oner than in phase 5. In examples (I I I) and (IV),

the OBDD alone canonizes to false , th us the algorithm ab orts already after the c h unk-solving in phase 2.

The information required to sho w unsatis�abilit y is the same in all cases. It is desirable to bring it in an

adv an tageous form.

4.4.3 The Idea: OBDD Melting

While pro cessing example (I), at the b eginning of phase 2 there are three calls to c h unk-solv e : �

1

!

= 1

[1]

,

�

2

!

= 1

[1]

and �

3

!

= 1

[1]

. Eac h call yields a set of equations for all o ccurring original v ariables m

ij

[1]

, where

the righ t hand sides are OBDDs o v er fresh v ariables. This is not e�cien t, for the equalit y of three terms on

the righ t hand side for eac h m

ij

[1]

has to b e propagated. It seems to b e more reasonable �rst to melt the
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^ �
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[1]

(IV)

�

1

^ �

2

!

= 1

[1]

T able 4.10: The Pigeon Hole Principle via the Fixed Solv er [with Heuristic 1]

OBDDs b y means of pro cessing a conjunction instead of separate form ulae:

�

1

!

= 1

[1]

; �

2

!

= 1

[1]

; �

3

!

= 1

[1]

melt

� !

�

(�

1

� 1

[1]

) ^ (�

2

� 1

[1]

) ^ (�

3

� 1

[1]

)

�

!

= 1

[1]

No w c h unk-solv e is called only once and returns false . F or satis�able equations, there w ould b e but one

righ t hand side for eac h v ariable instead of three. This leads to

Heuristic 1: Before phase 2, melt an y OBDD equations that ha v e at least one no de mark in common.

In case of (I) and (I I), all three resp ectiv ely t w o OBDDs are melted. This leads to a far b etter p erformance

as displa y ed in T able 4.10.
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[s]

[n]

B6:

x

[ n ]

^ ( 0 
 x

[ n ]

[0 : n - 2])

!

= ( 1 
 0 )

n

2

[Heuristic 1]

B6:

x

[ n ]

^ ( 0 
 x

[ n ]

[0 : n -2] )

!

= ( 1 
 0 )

n

2

[Heuristic 2]

T able 4.11: Example B6, Pro cessed With Tw o Di�eren t Heuristics

4.4.4 Re�nemen t of the Heuristic

It is a mistak e to assume that Heuristic 1 is fa v orable in an y case. Consider the previously pro cessed example

B6: x

[ n ]

^ ( 0

[1]


 x

[ n ]

[0 : n -2] )

!

= ( 1

[1]


 0

[1]

)

n

2

(cf. T able 4.7). This equation is unsatis�able due to the least

signi�can t p osition. The call to c h unk-solv e with x

[ n ]

[0 : 0] ^ 0

[1]

!

= 1

[1]

results in false . If Heuristic 1 is

applied, all n OBDD no des are melted, b efore this false is detected. As seen in T able 4.11, this yields

a noticeable slo wdo wn (the �xed solv er without heuristics computed the longest example within 0.25 seconds).

This example suggests to restrict the melting of OBDDs to cases where the o ccurrence of no de v ariables

o v erlaps to a stronger degree:

Heuristic 2: Before phase 2, melt an y OBDD equations that ha v e all no de marks in common.

In example B6 this leads to a b etter p erformance, as observ ed in T able 4.11. It is slo w er than the computation

without heuristics, b ecause an y t w o of the n OBDD equations ha v e to b e c hec k ed regarding to the melting

condition of Heuristic 2.

Neither of the t w o extreme heuristics sho w an o v erall go o d p erformance. In particular, the examples C5

and C6 are not pro cessed more e�cien tly . And, in b oth cases, there are examples where the �xed solv er

p erforms noticeable w orse than without melting at all. It is reasonable to exp ect a go o d heuristic for

melting somewhere in the middle. The b est one I found is the follo wing:

Heuristic 3: Before phase 2, melt an y t w o OBDD equations O B D D

1

and O B D D

2

, if

j v ars ( O B D D

1

) j + j v ars ( O B D D

2

) j � 2 : 4 � j v ars ( O B D D

1

) \ v ars ( O B D D

2

) j

In Heuristic 2, the factor w ould b e 2 instead of 2.4 and in Heuristic 1 it w ould b e 1 , where 1 � 0

:

= 0. It

w as narro w ed do wn while using factors 4, 2.5, 2.4, 2.3 and 2.2.

With high probabilit y , for any factor there exist examples where the b eha vior is sub-optimal. Ho w ev er,

2.4 resulted for the examples C5 and C6 in a not o v erwhelming but noticeable sp eed-up, as displa y ed in

T able 4.12. A t the highest width pro cessed, Heuristic 3 melted 32 equations to 3 OBDDs in example C5

(resp ectiv ely 64 equations to 4 OBDDs in example C6).
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[s]

[n]

C5:

x

[ n ]

+

[ n ]

y

[ n ]

!

= 0

[ n ]

C6:

x

[ n ]

+

[ n ]

y

[ n ]

!

= x

[ n ]

X O R y

[ n ]

T able 4.12: Satis�able but not V alid Examples [with Heuristic 3]

A Short Summary on Heuristics

The usage of heuristics together with the �xed solv er seems to b e crucial in order to a v oid a break-do wn in

man y pathological cases. Although it is not lik ely that an o v erall optimal heuristic for melting exists, the

pro cessed examples suggest to apply rather a medio cre one than none at all. The price migh t b e a slo w-do wn

in some simple examples, but this is not a high price if the alternativ e is a gam bling whether the system will

ev er resp ond again.

There migh t b e other places where it is reasonable to apply heuristics. The order of c h unk-solving and

propagation are promising p oin ts, for b oth o�er the c hance to detect unsatis�abilit y early . Ho w ev er, these

considerations w ere not follo w ed in this thesis.

4.5 Lo oking Bac k at Fixed Size

Though an y of the follo w ed approac hes has its justi�cation, there w as alw a ys a pathologic example exceeding

a reasonable resp ond time. Though most of these un w an ted b eha viors could b e patc hed someho w, there

do es not seem to b e a c onc eptual ly cle an way to gain satisfying e�ciency . Ha ving sp en t quite some time in

consideration of alternativ es in the past t w o y ear, the author feels inclined to summarize this in the follo wing

estimation:

It is not likely, that ther e is a simple c onc ept that pr ovides an e�cient solver for the the ory of

bit-ve ctors, even for �xe d size. In or der to match the ne e ds of industrial ly size d applic ations,

sophistic ate d str ate gies and dete ction of sp e cial c ases ar e r e quir e d.



Chapter 5

Bey ond Fixed Size

The only way to disc over the limits of the p ossible is to go

b eyond them into the imp ossible.

(A rthur C. Clarke, T e chnolo gy and the F utur e)

5.1 A Solv er for V ariable Width: Split-Chop

This section de�nes an extension of the reduced c hopp er algorithm from section 4.2.2 for solving bit-v ector

equations of v ariable width. In order to cop e with the non-con v ex prop erties, a concept of con text splits in

connection with reasoning ab out in teger terms is de�ned.

5.1.1 Reasoning ab out In tegers

The De�nition 2.13 of the frame solv er implies that reasoning on in teger constrain ts is required. The follo wing

example sho ws that it is not su�cien t to express equalities (lik e width ( t ) = width ( u )) and inequalities (lik e

in teger 1 � l ).

Example 5.1

x

[ l ]


 1

[1]


 0

[1]

1

[1]


 0

[1]


 x

[ l ]

!

=

Here, l is an in teger v ariable. It is easy to see that this equation is satis�able, if and only if l is ev en. This

can b e expressed b y the constrain t

1

2

� l 2 Z .

De�nition 5.1 [Closed Sets of In teger Constrain ts]

Let L

:

= f l

1

; : : : ; l

k

g denote the set of in teger v ariables. The set of in teger n um b ers is denoted b y Z . An

inte ger term � is a term that can b e constructed from L , rational n um b ers, addition, m ultiplication b y a

rational n um b er, op erations DIV , MOD and the application of the op erations max and min on an arbitrary

n um b er of in teger terms. Also, there exist sym b ols - 1 and 1 whic h are de�ned as - 1

:

= max ; , 1

:

= min ; .

A set 	 of inte ger c onstr aints is a quadruple ( Leq ; Bet ; Map ; Int ), where

� Leq is a set of inequalities on in teger terms,

� Bet is a collection of inequalities of the form �

�

i

� l

i

� �

+

i

,

� Map is a set of tuples ( l

i

7! �

i

); none of the l

i

in Map o ccurs in Leq or Int ,

� Int is a collection of in teger terms; it is understo o d that eac h term is required to ev aluate to an in teger.

65
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	 is called close d , if

� No redundan t information is con tained in Leq , Bet or Int ; e.g. the inequalit y 1 � l is subsumed b y

the inequalit y 2 � l and therefore 1 � l should b e omitted,

� F or ev ery v ariable l

i

2 L , there exists exactly one inequalit y �

�

i

� l

i

� �

+

i

2 Bet ,

� 	 is satis�able, i.e. there exists an in terpretation I : L ! Z suc h that I j = 8 ( l

i

7! �

i

) 2 Map : l

i

= �

i

and I j = Leq ^ Bet ^

V

� 2 Int

� 2 Z .

y

The shap e of 	 is motiv ated b y a recursiv e function in t-close computing an equiv alen t but closed set for a

giv en 	. The idea is similar to the F ourier-Motzkin elimination metho d (cf. [Sc h86, TH]).

in t-close ( Leq

�

; Int )

If v ars ( Leq

�

) = ;

Then If Leq

�

j = ? Then Return false

Else Return ( ; ; ; ; ; ; ; )

Endif

Else Let l 2 v ars ( Leq

�

)

In N eg

:

= f � j there is an ineq 2 Leq

�

with ineq , � � l g

P os

:

= f � j there is an ineq 2 Leq

�

with ineq , l � � g

( Leq ; Bet ; Map ; Int )

:

= in t-close

�

( Leq

�

n f ineq j l 2 ineq g ) [

f neg � pos j neg 2 N eg ; pos 2 P os g

; Int

�

Int  Int [ f l g

Bet  Bet [ f max ( N eg ) � l � min ( P os ) g

While 9 � 2 Bet : ( Leq ^ � ^

V

� 2 Int

� 2 Z ) ) l = �

l

Do

Repla ce l in Leq ; Int by �

l

Map  Map [ f ( l 7! �

l

g

Od

If Leq ^ Bet ^

V

� 2 Int

� 2 Z j = ? Then Return false

Else Return ( Leq , Bet , Map , Int )

Endif

Endif

5.1.2 Splitting Con text: The Solv er Split-Chop

The solv er for v ariable width presen ted no w|in the follo wing referred to as split-chop or short S

<

|is

describ ed via a straigh t-forw ard generalization of an equational transformation system (cf. De�nition 4.4).

With eac h application of an equational transformation rule, not only the set of bit-v ector equations � but

also the in teger constrain ts 	 are mo di�ed. A pair (� ; 	) that is not terminal (with resp ect to S

<

) is referred

to as a c ontext . If one of the rules (1) ; (1)

�

matc hes an equation in �, the resp ectiv e con text is split to

sev eral cases. Eac h case yields a new con text that is pro cessed b y the split-c hop algorithm.

A split-c hop computation starting with t

1

= t

2

is sk etc hed as follo ws.
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Cases

n < m �

8

<

:

p

[ n ]

= � ( q

[ m ]

[0 : n � 1] )

� ( q

[ m ]

[ n : m � 1]) 
 u = t

q

[ m ]

= q

[ m ]

[0 : n � 1] 
 q

[ m ]

[ n : m � 1]

9

=

;

(1) p

[ n ]


 t = q

[ m ]


 u; n = m �

�

p

[ n ]

= q

[ m ]

t = u

�

n > m �

8

<

:

q

[ m ]

= � ( p

[ n ]

[0 : m � 1] )

� ( p

[ n ]

[ m : n � 1]) 
 t = u

p

[ n ]

= p

[ n ]

[0 : m � 1] 
 p

[ n ]

[ m : n � 1]

9

=

;

Endcases

(1)

�

x

[ n ]

[ i : j ] = x

[ n ]

[ k : l ] ;

j - i = l - k ;

i < k

�

2

6

6

6

6

6

6

6

6

4

 

n

x

[ n ]

[ i : l ] = a

[ k - i ]

l - i +1

k - i

o

;

1

k - i

� ( l � i + 1) 2 Int

!

0

B

@

(

x

[ n ]

[ i : l ] = a

[( l - i +1) MOD ( k - i ) ]




( b

[( i - l - 1) MOD ( k - i )]


 a

[( l - i +1) MOD ( k - i )]

)

( l - i +1) DIV ( k - i )

)

;

�

( l � i + 1) MOD ( k � i )

�

> 0

1

C

A

3

7

7

7

7

7

7

7

7

5

(2) c

[ n ]

= c

0

[ n ]

; c 6= c

0

� F AIL

(3) t = t � fg

(4)

�

p = t

q = u

�

; q � t �

�

p = t [ q =u ]

q = u

�

(5)

�

p = q

q = r

�

�

8

<

:

p = a

q = a

r = a

9

=

;

(6)

�

p = q

q = p

�

�

�

p = a

q = a

�

(7)

�

p = t

p = u

�

�

�

p = t

u = t

�

(8) c = t; t 6= const � f t = c g

Figure 5.1: The Equational T ransformation System S

<

for V ariable Width

1. De�ne a set �

:

= f t

1

= t

2

g [ init-CS ( t

1

= t

2

) according to De�nition 4.5.

2. Compute a set 	 of in teger constrain ts based on the term structure of t

1

= t

2

.

3. Compute the closure of 	 via in t-close ; if it fails, ab ort this con text with false .

4. Start the equational transformation system S

<

in Figure 5.1 on the con text (� ; 	).

5. If no rule is applicable, the computation in this branc h terminates with the frame (� ; 	) { see De�ni-

tion 2.13.

6. If rule (1) or rule (1)

�

encoun ters am biguities due to the v ariable term width, p erform a case split and

generate pairs (�

1

; 	

1

) ; : : : ; (�

k

; 	

k

).

7. With eac h of the pairs (�

{

; 	

{

), { = 1 ; : : : ; k , con tin ue the computation at p oin t 3.
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Example 5.2 [cf. Example 2.6]

Consider the equation

x

[ n ]


 0

[1]


 y

[ m ]

!

= z

[2]


 1

[1]


 w

[2]

where n and m are in teger v ariables. Set 	

:

= ( f n + 1 + m � 5 ; 5 � n + 1 + m g ; ; ; ; ; ; ). The pro cedure

in t-close results in 	 = ( ; ; f 1 � n � 3 g ; f ( m 7! 4 � n ) g ; f n; 4 � n g ). Next, the equational transformation rule

(1) tries to matc h the leftmost c h unks x

[ n ]

and z

[2]

. This leads to the case-split

(a) n < 2

in t-close

 n 7! 1; m 7! 3

(b) n = 2

in t-close

 n 7! 2; m 7! 2

S

<

 false

(c) n > 2

in t-close

 n 7! 3; m 7! 1

The split-c hop algorithm (cf. T able 5.1) in com bination with in t-close terminates with the t w o frames

0

B

B

@

8

>

>

<

>

>

:

x

[ n ]

= a

[1]

;

y

[ m ]

= 1

[1]


 b

[2]

;

z

[2]

= a

[1]


 0

[1]

;

w

[2]

= b

[2]

9

>

>

=

>

>

;

;

�

; ;

�

1 � n � 4 ;

1 � m � 4

�

;

�

n 7! 1 ;

m 7! 3

�

;

�

1 ;

3

��

1

C

C

A

;

0

B

B

@

8

>

>

<

>

>

:

x

[ n ]

= a

[2]


 1

[1]

;

y

[ m ]

= b

[1]

;

z

[2]

= a

[2]

;

w

[2]

= 0

[1]


 b

[1]

9

>

>

=

>

>

;

;

�

; ;

�

1 � n � 4 ;

1 � m � 4

�

;

�

n 7! 3 ;

m 7! 1

�

;

�

3 ;

1

��

1

C

C

A

Th us, all p ossible solutions are co v ered.

5.1.3 The Con text Split Rule

In order to explain the con text split applied in rule (1)

�

, Example 5.1 is pro cessed via the split-c hop algorithm.

The application of the equational transformation rules in Figure 5.1 w orks as follo ws:

� Start with con text (� ; 	)

:

=

�

f x

[ l ]


 1

[1]


 0

[1]

= 1

[1]


 0

[1]


 x

[ l ]

g ; ( f 1 � l g ; ; ; ; ; ; )

�

.

� in t-close yields 	  ( ; ; f 1 � l < 1g ; ; ; f l g )

� Rule (1) matc hes with leftmost c h unks x

[ l ]

and 1

[1]

. Since l is v ariable, the con text (� ; 	) is split to

in teger constrain ts 	

1

:

= 	 [ f l < 1 g , 	

2

:

= 	 [ f l = 1 g and 	

3

:

= 	 [ f l > 1 g .

� Con text (� ; 	

1

) yields false immediately , since 1 � l is violated. The con text (� ; 	

2

) yields false

after a few rule applications, for x

[1]


 1

[1]


 0

[1]

!

= 1

[1]


 0

[1]


 x

[1]

triggers rule (2).

� In con text (� ; 	

3

), the equations f x

[ l ]

[0 : 0] = 1

[1]

; x

[ l ]

[1 : l � 1] 
 1

[1]


 0

[1]

= 0

[1]


 x

[ l ]

g are added to

�. In an attempt to matc h the second equation with rule (1), 	

31

, 	

32

and 	

33

are generated with

additional constrain ts l < 2, l = 2 and l > 2 resp ectiv ely .

� 	

31

yields false , 	

32

terminates with the frame

�

f x

[2]

= 1

[1]


 0

[1]

g ; ( ; ; f 2 � l � 2 g ; f l 7! 2 g ; f 2 g )

�

.

� In con text (�

3

; 	

33

), the rule (1)

�

matc hes equation x

[ l ]

[2 : l � 1] = x

[ l ]

[0 : l � 3]. There is a case split,

according to whether l MOD 2 = 0. Con texts (�

33

; 	

331

) and (�

33

; 	

332

) are generated, where the

terms

1

2

� l resp ectiv ely l MOD 2 = 1 are added to 	

331

resp ectiv ely 	

332

.
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� T o �

331

, the equation x

[ l ]

= ( a

[2]

)

l

2

is added, th us terminating in a frame

�

x

[ l ]

= ( 1

[1]


 0

[1]

)

l

2

; ( ; ; f 3 �

l < 1g ; ; ; f

1

2

� l g )

�

.

� T o �

332

, the equation x

[ l ]

= b

[1]


 ( d

[1]


 b

[1]

)

l � 1

2

is added. T ogether with x

[ l ]

[0 : 0] = 1

[1]

and

x

[ l ]

[ l � 1 : l � 1] = 0

[1]

, this con text yields a false .

Th us the split-c hop algorithm terminates with the set of non- false frames

n

�

f x

[2]

= 1

[1]


 0

[1]

g ; ( ; ; f 2 � l � 2 g ; f l 7! 2 g ; f 2 g )

�

;

�

x

[ l ]

= ( 1

[1]


 0

[1]

)

l

2

; ( ; ; f 3 � l < 1g ; ; ; f

1

2

� l g )

�

o

A short insp ection con�rms that all p ossible solutions are represen ted.

5.1.4 Exp erimen ts

The split-c hop algorithm has b een implemen ted in Allegro Common Lisp. Ho w ev er, b y the end of

this diploma thesis it did not reac h a state of high trust w orthiness. A t the w orld wide w eb site

http://www.infor mat ik .u ni- ul m.d e/ ki/ Bi tv ect or / a protot yp e v ersion can b e obtained.

5.2 Semaphore

The last approac h explained an in tuitiv e w a y to w ards solving large sub-sections of the bit-v ector theory with

v ariable width. Since the split-c hop algorithm do es not allo w b o olean op erations or bit-v ector arithmetic,

the usabilit y in practical applications is limited. Moreo v er, an extension of split-c hop to b o olean op erations

is necessarily incomplete (cf. Non-Existence Theorem 3.7).

It is to b e men tioned that in the same time but indep enden tly , Bj�rner and Pic hora [BP98] presen ted

an algorithm that allo ws to solv e sev eral sp ecial cases of bit-v ector equations with v ariable width. More

precisely , a parametrized term lik e x

[ aN + b ]

can b e pro cessed sym b olically . Though a close comparison with

the approac h presen ted here is still outstanding, the split-c hop algorithm allo ws a greater degree of freedom.

F or example, v ariable extractions can b e pro cessed b y means of a simple case-split on the term structure in

the b eginning.

Th us, the concept presen ted here is protot ypic. General metho ds for pro cessing b o olean op erations and

arithmetic for v ariable width are still left to b e desired. In the presen t form it is to exp ect that for man y

pathologic examples the split-c hop algorithm runs|regrettably lik e the author of this diploma thesis|out

of time.



Chapter 6

Conclusion

A l l human pr o gr ess involves, as it �rst c ondition,

the wil lingness of the pione er to make a fo ol of himself.

(Bernar d Shaw)

This diploma thesis con tains a n um b er of insigh ts on solving bit-v ector equations b oth from a theoretical

and practical p oin t of view. That migh t b e group ed as follo ws.

Understanding the Complexit y of Bit-V ectors

Though the \ N P -completeness" of some equational bit-v ector languages is not surprising, the correlation in

the extension of theories as displa y ed in Figure 2.3 is b etter understo o d no w. Moreo v er, the Quan ti�cation

Lemma 2.9 explains that solving is far more a task than this c hart migh t suggest. In most non-trivial

extensions, a call to a solv er can b e used to decide P S P AC E -hard problems (cf. section 2.5.3).

As exp ected, su�cien t enric hmen t of the bit-v ector theory leads to unsolv able problems. With the Non-

Existence Theorem 3.7, at �rst a pro of succeeded. Though bit-v ectors are a simple data structure, they

should ha v e lost their image as \trivial" b y no w.

Exploration of Solving Approac hes

W e ha v e presen ted three approac hes for solving �xed-sized bit-v ector terms in c hapter 4. Their actual

implemen tation on the one hand con�rms the idea an on the other hand rev eals w eak p erformance in sev eral

pathologic cases. The �xed solv er together with heuristics patc hes most of these, th us elab orating the

extensiv e usage of OBDDs. A concept for solving non-�xed size bit-v ector equations w as giv en via the

split-c hop algorithm in section 5.1.

The v exing p oin t is that in any approac h simple examples w ere found that lead to horrendous resp onse

time. This suggests that solving bit-v ector theories with a ric h set of op erators can not b e p erformed b y a

simple concept, but rather b y means of a sophisticated strategy and heuristics. If these observ ations are not

fundamen tally misleading, this is bad news. First, b ecause the dev elopmen t of an e�cien t solv er requires a

lot of tedious w ork and second, since the trust w orthiness of a complicated solving algorithm tends to b e lo w.

In the con text of hardw are v eri�cation, a doubtful mec hanization is less than desirable.

F urther W ork

Due to the h uge v ariet y and surprising depth, not all of the topics cen tering around the problem of solving

bit-v ector equations could b e discussed exhaustiv ely . In particular, the follo wing tasks seem to o�er promising

asp ects for further in v estigation.

70
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First, researc h the inheren t complexit y of solving more throughoutly . The c haracterization via the com-

plexit y class of the language of satis�able equations seems to b e misleading, for the sev erit y of solving is

not captured accurately . Th us a more expressiv e notion of complexit y is desired. Moreo v er, the detection of

decidable fragmen ts is far from b eing complete. It is conjectured that the theory of bit-v ectors with v ariable

width and v ariable extractions is decidable via a com bination of Mak anin's algorithms and an exhaustiv e

but �nite case-split on the term structure.

Second, dev elop an e�cien t \master solving algorithm" for �xed size. This could follo w the ideas of

the �xed solv er algorithm, but moreo v er use W S 1 S enco ding or other whenev er it is considered to b e

adv an tageous. Without doubt, a lot of exp erimen ts are needed to dra w reasonable decisions here. In

addition, it is crucial to b e sp eci�c in the conceptual details in order to enhance trust w orthiness.

Third, the split-c hop algorithm from c hapter 5 should b e implemen ted in to a non-con v ex framew ork

(ST eP [BBC

+

] migh t b e an in teresting c hoice). Use reasoning ab out in tegers con tained there instead of

implemen ting a separated metho d for computing the closure on in teger constrain ts. Then, add b o olean

op erations and arithmetic.

The author is not optimistic, that these topics will b e co v ered in short a time, let alone b y his further w ork.

After roughly t w o y ears of thinking ab out bit-v ectors, he needs a break.



App endix A

F ormer Results at the SRI

The r esults displaye d her e originate fr om the author's work at the SRI in autumn 1996. They wer e yet

unpublishe d and app e ar her e in the \original" form, excuse the typ os. Only the notation was up date d to

avoid c onfusion.

A.1 An N P -complete Problem

The Problem BVEVE-Solv abilit y

Consider the theory of bitv ectors with �xed (�nite nonzero) size and the op erations . 
 . (comp osition) and

.[ j : i ] (extraction). i and j are allo w ed to b e cardinal v ariables. Also, there exist constan ts of arbitrary but

�xed length n , further denoted as 0

[ n ]

and -1

[ n ]

.

Let t

1

and t

2

b e terms o v er suc h bitv ectors. The problem to decide whether the there exists a sollution to the

equation t

1

= t

2

is called BVEVE-Solv abilit y (BitV ector Equation with V ariables in Extraction Solv abilit y).

Claim

BVEVE-Solvability is NP-c omplete.

Pro of:

a) BVEVE-Solv abilit y 2 NP

One can guess a p olynomial-sized sollution (t.i. p olynomial in the term-length and the maxim um length of

the used bitv ector v ariables) and c hec k if the equation holds.

b) BVVE-SA T is NP-hard (Reduction 3-CNF-SA T �

m

BVEVE-Solv abilit y)

Let F = ( L

11

_ L

12

_ L

13

) ^ ::: ^ ( L

m 1

_ L

m 2

_ L

m 3

) b e a b o olean form ula in 3-CNF o v er v ariables

x

i

2 V ar = f x

1

; :::; x

n

g . L

ij

are literals in V ar [ V ar ; ( i 2 f 1 ; :::; m g ; j 2 f 1 ; 2 ; 3 g ).

F or eac h x

i

2 V ar in tro duce a bitv ector v ariable a

i

of length 3 and in teger-v ariables r

i

; s

i

. Additionally , w e

need m bitv ector v ariables b

j

of length 3 and and in teger v ariables t

j

for padding.

Let '

i

:= ( a

i

[ r

i

: 2] ) 
 ( a

i

[0 : s

i

])

g ( x

i

) := a

i

[0 : s

i

]

	

8 i 2 f 1 ; :::; n g

g ( x

i

) := a

i

[ r

i

: 2]

G

j

:= g ( L

j 1

) 
 g ( L

j 2

) 
 g ( L

j 3

) 
 ( b

j

[0 : t

j

]) 8 j 2 f 1 ; :::; m g

72
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No w de�ne the reduction f as follo ws:

f ( F ) :=

(

a

1


 ::: 
 a

n


 b

1


 ::: 
 b

m


 '

1


 ::: 
 '

n


 1

[1]


 G

1


 1

[1]


 ::: 
 1

[1]


 G

m

0

[3]


 ::: 
 0

[3]


 0

[3]


 ::: 
 0

[3]


 0

[3]


 ::: 
 0

[3]


 1

[1]


 0

[7]


 1

[1]


 ::: 
 1

[1]


 0

[7]

!

=

The equation f ( F ) is solv able, if (and only if ) all v ariables a

i

and b

i

equal 0-v alued bitv ectors; that means

also, that eac h '

i

has to b e of the length 3 to matc h the

1

[1]

1

[1]

-p osition. This can only b e ac hiev ed if

r

i

= s

i

+ 1 for eac h i , th us r

i

2 f 1 ; 2 g . Consider x

i

= tr ue equiv alen t to r

i

= 1 (and x

i

= f al se equiv alen t

to r

i

= 2). In order to matc h the lo w er term, eac h G

j

has to b e of the length 7. The length of b

j

[ 0 : t

j

] is

in f 1 ; 2 ; 3 g , th us at least one of the g ( L

ij

) in eac h clause has to b e of the length t w o. This is equiv alen t to

the notion that one of the literals L

ij

ev alueates to tr ue .

Th us,

F is satis�able , there exists a mapping � : V ar ! f tr ue; f al se g with � ( F ) = tr ue , there exists a

mapping � : f r

i

; s

i

; t

j

j i = 1 ; ::; n ; j = 1 ; ::; m g ! N suc h that f ( F ) is solv able.

Q : E : D
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A.2 An N P -hard Problem

The Problem B V


 ; bv ec

n

-Solv abilit y

Consider the theory of bitv ectors with v ariable size and the op eration . 
 . (comp osition). A bitv ector

v ariable is denoted to b e of the t yp e bv ec

n

, where n is either a nonzero cardinal or a v ariable. The theory

con tains constan ts of arbitrary but �xed length m , further denoted as 0

[ m ]

and -1

[ m ]

.

Let t

1

and t

2

b e terms in this theory . The problem to decide whether the there exists a sollution of the

equation t

1

= t

2

is called B V


 ; bv ec

n

-Solv abilit y .

Claim

B V


 ; bv ec

n

-Solvability is NP-har d.

Pro of: (Reduction 3-CNF-SA T �

m

B V


 ; bv ec

n

-Solv abilit y)

Let F = ( L

11

_ L

12

_ L

13

) ^ ::: ^ ( L

m 1

_ L

m 2

_ L

m 3

) b e a b o olean form ula in 3-CNF o v er v ariables

x

i

2 V ar = f x

1

; :::; x

n

g . L

ij

are literals in V ar [ V ar ; i 2 f 1 ; :::; m g ; j 2 f 1 ; 2 ; 3 g .

F or eac h x

i

2 V ar in tro duce t w o bitv ector v ariables a

( i )

: bv ec

[ p

i

]

and b

( i )

: bv ec

[ q

i

]

of unkno wn size. Also

w e need m pairs of v ariables c

( j )

: bv ec

[ r

j

]

, d

( j )

: bv ec [ s

j

] for padding.

Let '

i

:= 1

[1]


 a

( i )


 b

( i )

8 i 2 f 1 ; :::; n g

 

j

:= 1

[1]


 c

( j )


 d

( j )

8 j 2 f 1 ; :::; m g

g ( x

i

)

g ( x

i

)

:=

:=

a

( i )

b

( i )

�

8 i 2 f 1 ; :::; n g

G

j

:= g ( L

j 1

) 
 g ( L

j 2

) 
 g ( L

j 3

) 
 c

( j )

8 j 2 f 1 ; :::; m g

	 := a

( p

1

)


 :: 
 a

( p

n

)


 b

( q

1

)


 :: 
 b

( q

n

)


 c

( r

1

)


 :: 
 c

( r

m

)


 d

( s

1

)


 :: 
 d

( s

m

)

No w de�ne the reduction f as follo ws:

f ( F ) :=

�

0

[1]


 	 
 '

1


 ::: 
 '

n


  

1


 ::: 
  

m


 1

[1]


 G

1


 1

[1]


 ::: 
 G

m

	 
 0

[1]


 1

[1]


 0

[3]

::: 1

[1]


 0

[3]


 1

[1]


 0

[4]

::: 1

[1]


 0

[4]


 1

[1]


 0

[7]


 1

[1]


 ::: 
 0

[7]

!

=

This equation is solv able, if (and only if ) 	 equals a comp osition of 0-v alued bitv ectors, b ecause the 0

[1]

is

propagated to ev ery cell of 	.

Therefore eac h sum p

i

+ q

i

m ust equal 3 and eac h sum r

j

+ s

j

m ust equal 4. One bitv ector of the pair

a

( i )

; b

( i )

has the length 2, the other one is of the length 1. Consider x

i

= tr ue equiv alen t to jj a

( i )

jj = 2

(and x

i

= f al se equiv alen t to jj a

( i )

jj = 1). F or there are no zero length bitv ectors allo w ed, eac h jj c

( j )

jj can

b e c hosen b et w een 1 and 3. Ev ery G

j

has to reac h the length 7, this is equiv alen t to the notion that in eac h

disjunction of the 3-CNF-form ula F at least one literal ev aluates to tr ue .

Th us,

F is satis�able , there exists a mapping � : V ar ! f tr ue; f al se g with � ( F ) = tr ue , there exists a

mapping � : f p

i

; q

i

; r

j

; s

j

j i = 1 ; ::; n ; j = 1 ; ::; m g ! N suc h that f ( F ) is solv able.

Q : E : D

Remark:

The question if B V


 ; bv ec

n

-Solv abilit y

?

2 N P is still op en. There seems to b e no hin t that for ev ery solv able

equation exists a p olynomial sized (in the input, that is) sollution.
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A.3 An Unsolv able Problem

The Problem 9 B V

[ n ]

-Solv abilit y

Consider the theory of bitv ectors with nonzero size and the op erations . 
 . (comp osition) and .[j:i]

(extraction). i and j are allo w ed to b e cardinal v ariables. Also, there exist constan ts of arbitrary but �xed

length c , further denoted as 0

[ c ]

and 1

[ c ]

.

Additional, there exists one sp ecial cardinal v ariable n , on whic h the terms can b e dep enden t on, t.i. the

cardinal v ariables can b e indexed from 1 through to n and w e allo w an op eration

n

N

i =1

, whic h is a comp osition

of n argumen ts. (Note that in the follo wing

m

N

i =1

is not really a new op eration, for m will b e a �xe d n um b er.)

Let t

n

and u

n

b e bitv ector-terms dep enden t on n . The problem to decide whether there exists a sollution

to the equation 9 n : t

n

= u

n

is called 9 B V

[ n ]

-Solv abilit y .

Claim

9 B V

[ n ]

-Solvability is unde cidable.

Pro of: (Reduction P ost's corresp ondence problem � 9 B V

[ n ]

-Solv abilit y)

Let P = f ( a

1

; b

1

) ; :::; ( a

m

; b

m

) g ; m � 1 b e an instance of P ost's corresp ondence problem, a

i

; b

i

2 �

+

.

Basically , w e will construct t w o

n

N

i =1

-comp ositions whic h matc h if (and only if ) there is a corresp onding

sequence i

1

; :::; i

n

that solv es the corresp ondence problem (t.i. a

i

1

a

i

2

� � � a

i

n

= b

i

1

b

i

2

� � � b

i

n

).

Let � � ! �

0

= f 0 ; 1 g

�

b e a mapping from the basic alphab et in to an arti�cal one, where

� := max (3 ; d l og

2

k � ke ). �

�

: �

�

! �

0 �

is de�ned according to this. Let ! := max fj �

�

( a

i

) j : i =

1 ; ::; m g [ fj �

�

( b

i

) j : i = 1 ; ::; m g .

Let � := d l og

2

m e , the binary length needed to store the information, whic h pair ( a

i

; b

i

) is c hosen. Th us

let � : f 1 ; ::: ; m g ! f 0

[1]

; 1

[1]

g

�

b e the binary enco ding of these n um b ers, represen ted in comp ositions of

bitv ector constan ts.

W e in tro duce the follo wing abbreviations:

A

0

:=

m

N

i =1

�

1

[1]


 0

[ j �

�

( a

i

) j� 2]


 1

[1]


 1

[ � ]

�

A

CHOOSE

:=

m

N

i =1

�

�

�

( a

i

) 
 � ( i )

�

B

0

:=

m

N

i =1

�

1

[1]


 0

[ j �

�

( b

i

) j� 2]


 1

[1]


 1

[ � ]

�

B

CHOOSE

:=

m

N

i =1

�

�

�

( b

i

) 
 � ( i )

�


 :=

m

N

i =1

0

[ max ( j �

�

( a

i

) j ; j �

�

( b

i

) j )+ � ]

W e also need some (indexed) in teger v ariables to express whic h pair is c hosen. l

i

and r

i

will b e the mark er

for the �rst argumen t ( a ), l

0

i

and r

0

i

accordingly to the second one. Also, w e in tro duce some 'pu�ers', namely

c

i

; d

i

; e

i

and c

0

i

; d

0

i

; e

0

i

to a v oid arithmetic op erations. It will yield that for ev ery i 2 f 1 ; ::; n g :

c

i

= l

i

� r

i

d

i

= r

i

� 1 e

i

= r

i

� �

c

0

i

= l

0

i

� r

0

i

d

0

i

= r

0

i

� 1 e

0

i

= r

0

i

� �

�

( � )

T o mak e sure, that l

i

; r

i

alw a ys extract a v alid pair-comp onen t out of A

CHOOSE

(resp ectiv ely l

0

i

; r

0

i

from B

CHOOSE

),

w e de�ne:
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�

n

:=

n

N

i =1

A

0

[ r

i

: l

i

] �

0

n

:=

n

N

i =1

B

0

[ r

0

i

: l

0

i

]

	

n

:=

n

N

i =1

�

1

[1]


 0

[ ! ]

[0 : c

i

] 
 1

[1]

�

	

0

n

:=

n

N

i =1

�

1

[1]


 0

[ ! ]

[2 : c

0

i

] 
 1

[1]

�

T o enforce the 'righ t order' of the segmen ts, w e will matc h

�

A

n

:=

n

N

i =1

A

CHOOSE

[ e

i

: d

i

] and �

B

n

:=

n

N

i =1

B

CHOOSE

[ e

0

i

: d

0

i

]

T o mak e sh ure that ( � ) yields, w e in tro duce

�

n

:=

n

N

i =1

�


[ r

i

: l

i

] 
 1

[1]


 
( r

i

; d

i

) 
 1

[1]


 
[ e

i

: d

i

] 
 1

[1]

�

�

n

:=

n

N

i =1

�


[0 : c

i

] 
 1

[1]


 0

[2]


 1

[1]


 0

[ � ]


 1

[1]

�

�

0

n

:=

n

N

i =1

�


[ r

0

i

: l

0

i

] 
 1

[1]


 
( r

0

i

; d

0

i

) 
 1

[1]


 
[ e

0

i

: d

0

i

] 
 1

[1]

�

�

0

n

:=

n

N

i =1

�


[0 : c

0

i

] 
 1

[1]


 0

[2]


 1

[1]


 0

[ � ]


 1

[1]

�

No w de�ne the reduction f as follo ws:

f ( P ) :=

8

>

>

<

>

>

:

�

n


 �

0

n


 �

n


 �

0

n


 �

A

n




n

N

i =1

A

CHOOSE

[ r

i

: l

i

]

�

n


 �

0

n


 	

n


 	

0

n


 �

B

n




n

N

i =1

B

CHOOSE

[ r

0

i

: l

0

i

]

!

=

It is ob vious, that P has a sollution, if (and only if ) f ( P ) is solv able.

Q : E : D



App endix B

Complexit y Theory

B.1 3CNF-TQBF is P S P AC E -complete

This fact is pr ob ably not new and even less surprising.

Nevertheless a pr o of is include d her e, for the c ommon liter atur e do es not se em to r efer to this detail. The

ide a of this pr o of was taken fr om the le ctur e \A lgorithmen und Kalk • ule", taught by Pr of. Dr. Uwe Sch• oning

in the Summer T erm 1996 at the University of Ulm and original ly showe d that 3 C N F - S AT is N P -c omplete.

Let �

:

= Q

1

x

1

: � � � Q

n

x

n

: ( l

11

_ l

12

_ l

13

) ^ : : : ^ ( l

m 1

_ l

m 2

_ l

m 3

) b e a fully quan ti�ed b o olean form ula in

3-conjunctiv e-normal-form (3 C N F ), l

ij

2 V [ V , V

:

= f x

1

; : : : ; x

n

g , Q

k

2 f8 ; 9g , i = 1 ; :::; m , j = 1 ; 2 ; 3,

k = 1 ; : : : ; n . Then the language 3 C N F - T QB F is de�ned as

3 C N F - T QB F

:

= f � j j = � g :

Claim:

3 C N F - T QB F is P S P AC E -complete.

Pro of: (Reduction T QB F �

m

3 C N F - T QB F )

Let �

:

= Q

1

x

1

: � � � Q

n

x

n

:F b e a fully quan ti�ed b o olean form ula with arbitrary matrix F o v er v ariables

V

:

= f x

1

; : : : ; x

n

g and connectiv es ^ ; _ and : . F can b e transformed in p olynomial time in to an equiv alen t

form ula

^

F in Negation Normal F orm (NNF) where negations only o ccur directly at v ariables via

: ( � ^ � ) ! : � _ : �

: ( � _ � ) ! : � ^ : �

:: � ! �

A transformation of

^

F in to a form ula

~

F in 3 C N F is de�ned as follo ws:

Let T

^

F

b e the tree represen tation of

^

F where eac h no de is mark ed with a ^ or an _ and eac h leaf is in

V [ V . Let �

T O P

2 f^ ; _g b e the ro ot no de mark. F or eac h non-leaf in tro duce a fresh b o olean v ariable y

i

,

i = 1 ; : : : ; k . T

^

F

is transformed in to

~

F

:

= y

1

^ [ y

1

, ( y

2

�

T O P

y

3

)]

^ [ y

2

, ( y

4

� y

5

)]

.

.

.

^ [ y

k

, l

k 1

� l

k 2

]

( ? )
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The argumen ts of � 2 f^ ; _g are the left and righ t subtree of the corresp onding no de. The transformation

terminates at leaf lev el, l

k 1

; l

k 2

2 V [ V .

Eac h of the expressions [ :: ] is equiv alen t to three C N F clauses:

[ y

i

, ( � � � )] � ( y

i

) � � � ) ^ ( � � � ) y

i

)

� ( y

i

_ ( � � � )) ^ ( : ( � � � ) _ y

i

)

� (( y

i

_ � ) � ( y

i

_ � )) ^ (( y

i

_ � )
�
� ( y

i

_ � ))

� If � = ^ Then ( y

i

_ � ) ^ ( y

i

_ � ) ^ ( y

i

_ � _ � )

Else ( y

i

_ � _ � ) ^ ( y

i

_ � ) ^ ( y

i

_ � )

Endif

Let � : V ! f true ; false g and  : f y

i

; : : : y

k

g ! f true ; false g b e assignmen ts of v ariables. Then

� j =

^

F i� �;  j =

~

F

^  assigns eac h v alue of y

i

according to �

In particular, for eac h � with � j =

^

F there exists a mapping  resulting in a mo del of

~

F , namely the one

assigning y

i

7! ev al (No de

i

). Vice v ersa, for a �

0

6j =

^

F there is no  with �

0

;  j =

~

F , for ( ? ) cannot b e

satis�ed. This leads to the statemen t

Q

1

x

1

: � � � Q

n

x

n

:F � Q

1

x

1

: � � � Q

n

x

n

: 9 y

1

: � � � 9 y

k

:

~

F

Th us, eac h quan ti�ed b o olean form ula can b e transformed in p olynomial time in to an equiv alen t quan ti�ed

b o olean form ula in 3 C N F . This yields the reduction.

�
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B.2 B V


 ; [ i : j ]

-Solv abilit y is N P -complete

This fact was also r e c or de d in autum 1996 at the SRI. The original (and less ele gant) version of the pr o of

is displaye d in App endix A.1.

Let B V


 ; [ i : j ]

b e the theory of �xed-sized bit-v ectors with comp osition and v ariable extraction. Assume

the equation t = u in this theory con tains the v ariables V

t = u

:

= v ar s ( t ) [ v ar s ( u ) = f v

1

; : : : ; v

k

g . De�ne

L

t = u

- S AT as

L

t = u

- S AT

:

= f t = u j There exists an assignmen t � of V

t = u

with � j = t = u g

Claim:

L

t = u

- S AT is N P -complete.

Pro of: (Reduction from 3 C N F - S AT )

(1.) L

t = u

- S AT 2 N P

Giv en an equation t = u . Then nondeterministically guess aa assignmen t � : v

1

7! a

1

^ � � � ^ v

k

7! a

k

of all

v ariables v

i

2 V

t = u

, i = 1 ; : : : ; k . Since there are upp er b ounds for eac h in teger v ariable, j � j is p olynomial

in j t = u j (assume the length information is giv en unary). It is also a p olynomial task to c hec k whether

� j = t = u .

(2.) L

t = u

- S AT is N P -hard.

Let �

:

= ( l

11

_ l

12

_ 13 ) ^ � � � ^ ( l

m 1

_ l

m 2

_ l

m 3

) b e a b o olean form ula in 3 C N F o v er v ariables V = f x

1

; : : : ; x

n

g ,

l

j p

2 V [ V , j = 1 ; : : : ; m , p = 1 ; 2 ; 3.

F or eac h x

i

in tro duce an in teger v ariable m

i

( i = 1 ; : : : ; n ) and for eac h clause an in teger v ariable c

j

,

( j = 1 ; : : : ; m ). m

i

is designed to b e 0 if x

i

is assigned to false and 1 if x

i

is set true .

De�ne

� ( x

i

)

:

=

�

0

[1]


 1

[1]

�

[ m

i

: m

i

]

� ( x

i

)

:

=

�

1

[1]


 0

[1]

�

[ m

i

: m

i

]

T ranslate � [in p olynomial time] in to the bit-v ector equation

f (�)

:

=

� �

� ( l

11

) 
 � ( l

12

) 
 � ( l

13

)

�

[ c

1

: c

1

] 
 � � � 


�

� ( l

m 1

) 
 � ( l

m 2

) 
 � ( l

m 3

)

�

[ c

m

: c

m

]

1

[1]


 � � � 
 1

[1]

!

=

�

The equation f (�) has a solution i� ev ery term � ( l

j 1

) 
 � ( l

j 2

) 
 � ( l

j 3

), j = 1 ; : : : ; m con tains at least one 1

[1]

.

This is the case, i� at least one of the � ( l

j p

) = 1

[1]

whic h is equiv alen t to l

j p

= true . Th us, � is satis�able

i� there exists a solution for f (�) and � 2 3 C N F - S AT i� f (�) 2 L

t = u

- S AT , completing the reduction.

�



App endix C

Source Co des

A l l �les wer e implemente d in A l le gr o Common Lisp 4.3. It is he avily r e c ommende d to use an A l le gr o

Lisp diale ct in or der to pr o c ess them without further pr oblems. The sour c e-c o des c an b e obtaine d at

http://www.inform at ik. un i-u lm .d e/k i/ Bit ve ct or/

C.1 Solv e via Mona

;;;;;;;;;;;;;;;;;;;;;;;; ;;; ;;;; ;;; ;;;; ;;

;;; Diploma Thesis:

;;; "Solving Bit-V ector Equations

;;; - A Decision Pro cedure for Hardw are V erifik ation"

;;;

;;; M. Oliv er M"oller

;;; Univ ersit y of Ulm

;;; F acult y for Computer Science (Informatik)

;;; AI Departmen t (Abteilung fuer k"unstlic he In telligenz)

;;; Sup ervising Professor: F. v on Henk e

;;;;;;;;;;;;;;;;;;;;;;;; ;;; ;;;; ;;; ;;;; ;;

;;; File: c hec k via mona.cl

;;;;;;;;;;;;;;;;;;;;;;;; ;;; ;;;; ;;; ;;;; ;;

;;

;; HO W TO USE: [Allegro Common Lisp V ersion]

;; ~~~~~~~~~~~

;; (1) Install Mona V ersion 1.1

;; [ to optain eg. at h ttp://www.brics.dk/~mona/index.h tml ]

;; (2) F etc h also the files b v ec structures.cl and b v ec arith.cl

;; [ to optain eg. at

;; h ttp://www.informatik.uni-ulm.de/ki/Bitv ector/ ]

;; (3) Create a lo cal directory , where Mona can store the

;; input-and output files (e.g. mona/)

;; (4) Mo dify the constan ts

;; *home-directory* *mona-lo cal-directory-path* *mona-call-exe*

;; according to y our lo cal settings

;; (5) Load common lisp files in this order

;; b v ec structure.cl

;; b v ec arith.cl

;; c hec k via mona.cl

;; [compilation recommended]

;; (6) Start >> Solv er << with

;; (solv e-via-mona '(b v-equal < term-1 > < term-2 > ))

;; < term-1 > and < term-2 > are assumed to b e canonized(!)

;; An example for term structure is giv en in section * Examples *

;; NOTES:

;; (a) The notation is NOT iden tic with the one in the Diploma Thesis;

;; Due to an (obsolete) design decision, the least significan t

;; bit is at the righ tmost p osition and concatenations are the

;; other w a y round as a consequence;

;; eg. ( x f 4 g o y f 4 g ) ^ (1,0) = y f 4 g ^ (1,0)

;; (b) The finite automaton is not put out as a default;

;; if the directiv e "-w" is added to the call to the mona-program

;; (cf. function call-mona-program ), the automaton is put to file

;; mona output file.txt

;; The function solv e-via-mona returns one of the sym b ols

;; T A UTOLOGY iff the equation is a tautology

;; UNSA TISFIABLE iff the equation is unsatisfiable

;; COUNTEREXAMPLE if there is a mo del,

;; but the form ula is not a tautology

;; ERR OR if an error o ccurred

;;

;;;;;;;;;;;;;;;;;;;;;;;; ;;; ;;;; ;;; ;;;; ;;

;; General Remarks: This implemen tation realizes

;; 'Solving' fixed b v equations via a transformation to S1S

;; And creating an output whic h can b e pro cessed with MONA 1.1

;; Strictly sp eaking, this is not an implemen tation of a solv er

;; but a test for T A UTOLOGY or UNSA TISFIABILITY;

;; This can b e used to generate a solving algorithm, b y means of

;; Rep eatedly replace bits of v ariables with constan ts;

;; [See Diploma Thesis for detailed description]

;;

;; The big rev en ue of this approac h is, that it allo ws to c hec k

;; FIXED SIZE BITVECTOR EQUA TIONS WITH LINEAR ARITHMETIC

;; AND LOGIC

;; for v alidit y (whic h is the most common usage of decision pro cedures)

;; The big dra wbac k is the sometimes horrendous run-time

;;;;;;;;;;;;;;;;;;;;;; ;;;; ;;; ;;;; ;;; ;;;; ;;

(in-pac k age user)

;;; ************************* **** **** **** ***

;;; Constan ts to Customize

;;; ************************* **** **** **** ***

(defconstan t *home-directory* "/home/hiwi/mo eller/")

(defconstan t *mona-lo cal-directory-path*

(CLOS::string-app end *home-directory* "da/etc/mona/"))

(defconstan t *mona-call-exe* "/usr/lo cal/share/ai-systems/mona/mona-

1.1/mona")

;;; ************************* **** **** **** **** **** **** **** **** ***

(defconstan t *mona-input-file*

(CLOS::string-app end *mona-lo cal-directory-path*

"mona input file.mona"))

(defconstan t *mona-output-file*

(CLOS::string-app end *mona-lo cal-directory-path*

"mona output file.txt"))

(defconstan t *mona-result-file*

(CLOS::string-app end *mona-lo cal-directory-path*

"mona result file.txt"))

(defconstan t *full-adder-file*

(CLOS::string-app end *mona-lo cal-directory-path*

"fulladder.mona"))

(defconstan t *allo w-complemen t* nil)

(defconstan t *negate* nil)

;;; *negate* = nil - > If the equation is a tautology ,

;;; Mona will reply 'v alid'

;;; Else Mona will presen t a coun terexample

;;; [Here, the automaton is a enco ding

;;; of the SOLUTION]

;;; ------------------

;;; *negate* = t - > If the equation is unsatisfiable

;;; Mona will reply 'v alid'

;;; Else Mona will presen t a coun terexample

;;; ------------------

(defun solv e-via-mona (b v-eq &optional (trigger-mona-on nil)

(trigger-mona-off nil))

;; Returns 'tautology iff the equation is a tautology

;; 'unsatisfiable iff the equation is unsatisfiable

;; 'coun terexample if there is a mo del,

;; but the form ula is not a tautology

;; 'errir if the mona-output-file is not as exp ected

(ifassert (and (consp b v-eq)

(eq (car b v-eq) 'b v-equal)))

(ifassert (is-fixed-arith-b o ol-b v? (cadr b v-eq)))

(ifassert (is-fixed-arith-b o ol-b v? (cadr b v-eq)))

(let* ((term1 (rewrite-b o olean-logic-A ON (cadr b v-eq)))

(term2 (rewrite-b o olean-logic-A ON (caddr b v-eq)))

(width (arith-b o ol-b v-length term1)))

;; !!! Assume canonized terms !!!

(lab els ((get-sub-structures (recog?)

(remo v e-duplicates

(app end (all-recognized-in-arith-b o ol-b v-term term1 recog?)

(all-recognized-in-arith-b o ol-b v-term term2 recog?))

:TEST #'equal)))
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(let* ((v ars (sort

(get-sub-structures #'(lam b da (x) (rec-b v-v ar? x)))

#'(lam b da (x y)

(string < (b v-v ar-name x)

(b v-v ar-name y)))))

;;; (v ar-names (map car #'b v-v ar-name v ars))

(v ar-alen (map car #'(lam b da (x)

'(,(b v-v ar-name x) . ,(b v-v ar-length x)))

v ars))

(v ar-len (lo op for pair in v ar-alen collect (cdr pair)))

(v ar-fnames (map car #'(lam b da (x)

(CLOS::string-app end

"V AR "

(princ-to-string (b v-v ar-name x))

" "

(princ-to-string (b v-v ar-length x))))

v ars))

;;; (v ar-asso c (pairlis v ar-len v ar-fnames))

(constan ts (get-sub-structures

#'(lam b da (x) (rec-b v-const? x))))

(additions (get-sub-structures

#'(lam b da (x) (rec-b v-addition? x))))

(negations (get-sub-structures

#'(lam b da (x) (rec-b v-negation? x))))

;;! Compl do es not w ork in Mona (early v ersion)

(complemen ts (get-sub-structures

#'(lam b da (x) (rec-b v-negation? x))))

(complemen t-fnames

(lo op for i from 1 to (length complemen ts) collect

(CLOS::string-app end "Compl "

(princ-to-string i))))

(complemen t-alist

(if *allo w-complemen t*

nil

(pairlis complemen ts complemen t-fnames)))

;;!

(filter-lengths

(remo v e-duplicates

(app end v ar-len

(map car #'(lam b da (x) (b v-addition-mo dulo x))

additions)

(map car #'(lam b da (x) (arith-b o ol-b v-length x))

negations)

(map car #'b v-extraction-length

(get-sub-structures #'(lam b da (x) (rec-b v-extraction?

x)))))))

(filter-fnames

(lo op for e in filter-lengths collect

(CLOS::string-app end "Filter "

(princ-to-string e))))

(filter-asso c (pairlis filter-lengths filter-fnames))

(addition-fnames

(lo op for i from 1 to (length additions) collect

(CLOS::string-app end "RES "

(princ-to-string i))))

(constan t-fnames

(lo op for e in constan ts collect

(CLOS::string-app end "CONST "

(princ-to-string (b v-const-length e))

" "

(princ-to-string (b v-const-v alue e)))))

(addition-alist (pairlis additions addition-fnames))

(constan t-alist (pairlis constan ts constan t-fnames))

(replace-alist (app end (map car #'(lam b da (x)

(cons (car x)

(CLOS::string-app end

"("

(cdr x)

" in ter "

(dasso c (b v-addition-mo dulo (car

x)) filter-asso c)

")")))

addition-alist)

(map car #'(lam b da (x)

(cons (car x)

(CLOS::string-app end

"("

(cdr x)

" in ter "

(dasso c (b v-v ar-length (car x))

filter-asso c)

")")))

(pairlis v ars v ar-fnames))

constan t-alist

(map car #'(lam b da (x)

(cons (car x)

(CLOS::string-app end

"("

(cdr x)

" in ter "

(dasso c (arith-b o ol-b v-length (car

x)) filter-asso c)

")")))

complemen t-alist)))

;;; --- Create Axioms ---

(filter-axioms

(lo op for e in filter-asso c collect

(let ((len (car e))

(name (cdr e)))

'(all1 "p" (and (= > ( < "p" ,len)

(in "p" ,name))

(= > ( < = ,len "p")

(notin "p" ,name)))))))

(constan t-axioms

(lo op for e in constan t-alist app end

(let* ((con (car e))

(len (b v-const-length con))

(v al (b v-const-v alue con))

(bits (rev erse (nat2b o ols v al len)))

(name (cdr e)))

'((all1 "p" (= > ( < = ,len "p")

(notin "p" ,name)))

,@(lo op for i from 0 to (1- len) collect

(if (n th i bits)

'(in ,i ,name)

'(notin ,i ,name)))))))

(addition-axioms-strings

(lo op for e in addition-alist collect

(let* ((ad (car e))

;; (mo dulo (cadr ad))

(args (cddr ad))

(len (length args))

(name (cdr e)))

(ev al '(CLOS::string-app end

"add" ,(princ-to-string len) "("

,@(lo op for e in args app end

'(,(translate-form-to-string-with-replace e replace-alist)

","))

,name ")")))))

;!;

(complemen t-axioms-strings

(lo op for e in complemen t-alist collect

(CLOS::string-app end

"Complemen t( "

(translate-form-to-string-with-replace (car (b v-b o ol-args (car

e))) replace-alist)

" , "

(cdr e)

" )")))

)

(lab els ((c hec k-via-mona (negate width trigger-on trigger-off)

;; Ouptut the created T erms

(new-mona-file)

(output-v ar2-and-addition-defs

v ar-fnames

(apply #'max

(cons 0

(map car #'(lam b da (x)

(length (b v-addition-args x)))

additions)))

width)

(output-main-implication

(app end (map car #'(lam b da (x) (translate-form-to-string-

with-replace x replace-alist))

(app end filter-axioms

constan t-axioms))

addition-axioms-strings

complemen t-axioms-strings ;!;

)

(translate-form-to-string-with-replace term1 replace-alist)

(translate-form-to-string-with-replace term2 replace-alist)

(app end constan t-fnames

addition-fnames

filter-fnames

complemen t-fnames ;!;

)

negate)

(ifuncall trigger-on)

(call-mona-program)

(ifuncall trigger-off)

(scan-mona-output)))

;;; -- THE ONL Y ONE CALL TO MONA --

(c hec k-via-mona nil width trigger-mona-on trigger-mona-off))))))

(defun translate-form-to-string-with-replace (form alist)

(flet ((mak e-brac k et-string (op list)

(ev al '(CLOS::string-app end

"("

,@(lo op for e in (butlast list) collect

(CLOS::string-app end

(translate-form-to-string-with-replace e alist)

" " op " "))

,(translate-form-to-string-with-replace (car (last list)) alist)

")")))

(mak e-in termediate-string (op arg1 arg2)

(CLOS::string-app end

"("

(translate-form-to-string-with-replace arg1 alist)

" " op " "

(translate-form-to-string-with-replace arg2 alist)

")"))

(mak e-quan tified-string (quan v ar b o dy)

(CLOS::string-app end

"("

quan

" "

v ar

": "

(translate-form-to-string-with-replace b o dy alist)

")")))
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(cond

((asso c form alist :TEST #'equal)

(cdr (asso c form alist :TEST #'equal)))

((stringp form) form)

((in tegerp form) (princ-to-string form))

((consp form)

(case (car form)

( < = > (mak e-brac k et-string " < = > " (cdr form)))

(= (mak e-brac k et-string "=" (cdr form)))

(and (mak e-brac k et-string "&" (cdr form)))

(or (mak e-brac k et-string "|" (cdr form)))

( < = (mak e-brac k et-string " < =" (cdr form)))

(= > (mak e-brac k et-string "= > " (cdr form)))

( < (mak e-brac k et-string " < " (cdr form)))

( > (mak e-brac k et-string " > " (cdr form)))

(not (CLOS::string-app end

"~"

(translate-form-to-string-with-replace (cadr form) alist)

))

(in (mak e-in termediate-string "in" (princ-to-string (cadr form))

(caddr form)))

(notin (mak e-in termediate-string "notin" (princ-to-string (cadr form))

(caddr form)))

(all0 (mak e-quan tified-string "all0" (cadr form) (caddr form)))

(all1 (mak e-quan tified-string "all1" (cadr form) (caddr form)))

(all2 (mak e-quan tified-string "all2" (cadr form) (caddr form)))

(exist0 (mak e-quan tified-string "exist0" (cadr form) (caddr form)))

(exist1 (mak e-quan tified-string "exist1" (cadr form) (caddr form)))

(exist2 (mak e-quan tified-string "exist2" (cadr form) (caddr form)))

(union (mak e-brac k et-string "union" (cdr form)))

(in ter (mak e-brac k et-string "in ter" (cdr form)))

(compl (CLOS::string-app end

"(compl "

(translate-form-to-string-with-replace (cadr form) alist)

")"))

(+ (translate-offset-to-string-with-replace (cadr form) (caddr form)

alist))

(- (translate-offset-to-string-with-replace (cadr form) (- 0 (caddr

form)) alist))

(b v-comp ose (translate-comp osition-to-string-with-replace form alist))

(b v-extract (translate-extraction-to-string-with-replace form alist))

;; -- b o olean --

(b v-and (translate-form-to-string-with-replace

'(in ter ,@(b v-b o ol-args form)) alist))

(b v-or (translate-form-to-string-with-replace

'(union ,@(b v-b o ol-args form)) alist))

(b v-not (translate-form-to-string-with-replace

'(in ter (compl ,@(b v-b o ol-args form))

,(CLOS::string-app end

"Filter "

(princ-to-string (arith-b o ol-b v-length form))))

alist))

(t (error-misc "translate-form-to-string-with-replace" form "not

caugh t.")))))))

(defun translate-comp osition-to-string-with-replace (cmp alist)

(let* ((args (rev erse (b v-comp osition-con ten t cmp)))

(offset 0)

(offsets (lo op for e in args collect

(let ((old offset))

(incf offset (arith-b o ol-b v-length e))

old))))

(translate-form-to-string-with-replace

'(union ,@(lo op for e in (pairlis args offsets) collect

'(+ ,(translate-form-to-string-with-replace (car e) alist)

,(cdr e))))

alist)))

(defun translate-offset-to-string-with-replace (term offset alist)

(let ((str (translate-form-to-string-with-replace term alist)))

(cond

((= offset 0)

str)

(( < offset 0)

(CLOS::string-app end "(" str " - " (princ-to-string (- 0 offset)) ")"))

(t

(CLOS::string-app end "(" str " + " (princ-to-string offset) ")")))))

(defun translate-extraction-to-string-with-replace (extr alist)

(let ((len (b v-extraction-length extr))

(b v (b v-extraction-b v extr))

(off (b v-extraction-righ t extr)))

(translate-form-to-string-with-replace

'(in ter (- ,b v ,off)

,(CLOS::string-app end "Filter " (princ-to-string len)))

alist)))

;;; *************************** **** **** **** *

;;; A UXillary F unctions

;;; *************************** **** **** **** *

(defun create-filter-names (n)

(lo op for i from 1 to n collect

(CLOS::string-app end "Filter"

(princ-to-string i))))

(defun dasso c (a alist)

(cdr (asso c a alist :TEST 'equal)))

(defun rewrite-b o olean-logic-A ON (term)

;; Replace b o olean op erations: X OR

;; By AND OR NOT

(cond

((rec-b v-v ar? term)

term)

((rec-b v-const? term)

term)

((rec-b v-extraction? term)

(mak e-b v-extraction

(rewrite-b o olean-logic-A ON (b v-extraction-b v term))

(b v-extraction-left term)

(b v-extraction-righ t term)))

((rec-b v-comp osition? term)

(mak e-b v-comp osition-from-list

(map car #'rewrite-b o olean-logic-A ON

(b v-comp osition-con ten t term))))

((rec-b v-addition? term)

(mak e-b v-addition-from-list

(b v-addition-mo dulo term)

(map car #'rewrite-b o olean-logic-A ON

(b v-addition-args term))))

((rec-b v-b o ol? term)

(case (b v-recognizer term)

(b v-and term)

(b v-or term)

(b v-not term)

(b v-xor (let ((x (rewrite-b o olean-logic-A ON

(car (b v-b o ol-args term))))

(y (rewrite-b o olean-logic-A ON

(cadr (b v-b o ol-args term)))))

(mak e-b v-or (mak e-b v-and (mak e-b v-not x) y)

(mak e-b v-and x (mak e-b v-not y)))))

(t (error-misc "rewrite-b o olean-logic-A ON [b o ol] " term "not caugh t."))))

(t (error-misc "rewrite-b o olean-logic-A ON" term "not caugh t."))))

;;; ************************* **** **** **** **** **** **** *

;;; File Handling

;;; ************************* **** **** **** **** **** **** *

(defun new-mona-file ()

(with-op en-file (stream *mona-input-file*

:direction :output

:if-exists :sup ersede

:if-do es-not-exist :create)

(format stream "## Chec k Fixed Sized Bit V ector Equations via Mona

1.1~%")

(format stream "## part of Diploma Thesis~%")

(format stream "## M. Oliv er Mo eller 1997~%")

(format stream "linear;~%")

))

(defun output-v ar2-and-addition-defs (names add-upto width)

(with-op en-file (stream *mona-input-file*

:direction :output

:if-do es-not-exist :error

:if-exists :app end)

(lo op for n in names do

(format stream "v ar2 ~a;~%" n))

(if ( > add-upto 1)

(progn

(with-op en-file (include *full-adder-file*

:direction :input

:if-do es-not-exist :error)

(lo op for i from 1 to (file-length include) do

(princ (read-c har include) stream)))

(create-addition-predicates add-upto stream)))

(unless *allo w-complemen t*

(format stream "~%pred Complemen t(v ar2 X,Y) = all1 p : (p < ~d) = >

( (p in X) < = > (p notin Y));~%~%" width))))

(defun output-main-implication (axiom-stringlist str1 str2 existen tial-

quan tified negate)

(with-op en-file (stream *mona-input-file*

:direction :output

:if-do es-not-exist :error

:if-exists :app end)

(flet ((conjunction-output-if (list)

(if (n ull list)

(format stream " true ")

(progn

(format stream " (")

(lo op for a in (butlast list) do

(format stream "~a & ~% " a))

(format stream "~a )" (car (last list)))))))

(format stream "~%## Chec k the follo wing ~a Implication:~%~a("

(if negate "(negated)" "")

(if (consp existen tial-quan tified)

(ev al

'(CLOS::string-app end

,(if negate "~(" "(")

"ex2 "

,@(lo op for e in (butlast existen tial-quan tified) app end

'(,e ","))

,(car (last existen tial-quan tified))

": "))

""))

(conjunction-output-if axiom-stringlist)
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(format stream " &~% ( ~a~% = ~a ) ) );~%" str1 str2))))

(defun call-mona-program ()

(shell

(CLOS::string-app end

*mona-call-exe*

" -c -u "

*mona-input-file*

" 2 > "

*mona-output-file*

" 1 > "

*mona-output-file*

)))

(defun scan-mona-output ()

(let ((res 'error))

(flet ((testfor (string)

(shell (CLOS::string-app end

"egrep "

" '" string "' "

*mona-output-file* " > "

*mona-result-file*))

(with-op en-file (stream *mona-result-file*

:direction :input

:if-do es-not-exist :error)

(if ( > (file-length stream)

0)

t

nil))))

(cond

((testfor "F orm ula is v alid")

(setf res 'tautology))

((testfor "Coun ter-example")

(setf res 'coun terexample))

((testfor "F orm ula is unsatisfiable")

(setf res 'unsatisfiable)))

res)))

;;; *************************** ***

;;; Creating F orm ulae

;;; *************************** ***

(defun create-addition-predicates (n stream)

;; from binary to n-ary terms

(flet ((add-pred (i)

(let ((v ars (lo op for j from 1 to i collect

(CLOS::string-app end "S"

(princ-to-string j)))))

(ev al

'(CLOS::string-app end

"pred add" ,(princ-to-string i) "(v ar2 "

,@(lo op for e in v ars app end

'(,e ","))

"Result) = ~% ex2 Z: add"

,(princ-to-string (1- i))

"("

,@(lo op for e in (butlast v ars) app end

'(,e ","))

"Z) & ~% add2(Z,"

,(car (last v ars))

",Result);~%~%")))))

(lo op for i from 3 to n do

(format stream (add-pred i)))))

;;; ************

;;; * Examples *

;;; ************

(defun ex-1 () ;;; T A UTOLOGY

(solv e-via-mona

'(b v-equal

(b v-addition 4

(b v-comp ose

(b v-extract (b v-v ar x 4) (tup cons 2 0))

(b v-const 0 1))

(b v-const 1 4)

(b v-const 0 4)

(b v-const 0 4))

(b v-comp ose (b v-extract (b v-v ar x 4) (tup cons 2 0))

(b v-const 1 1)))))

(defun ex-2 () ;;; UNSA TISFIABLE

(solv e-via-mona

'(b v-equal

(b v-comp ose (b v-v ar x 5) (b v-const 1 1))

(b v-comp ose (b v-const 0 1) (b v-v ar x 5)))))

(defun ex-3 () ;;; COUNTEREXAMPLE

(solv e-via-mona

'(b v-equal

(b v-addition 3 (b v-v ar x 3) (b v-v ar y 3))

(b v-const 3 3))))

C.2 Fixed Solv er

;;;;;;;;;;;;;;;;;;;;;; ;;;; ;;; ;;;; ;;; ;;;;

;;; Diploma Thesis:

;;; "Solving Bit-V ector Equations

;;; - A Decision Pro cedure for Hardw are V erifik ation"

;;;

;;; M. Oliv er M"oller

;;; Univ ersit y of Ulm

;;; F acult y for Computer Science (Informatik)

;;; AI Departmen t (Abteilung fuer kuenstlic he In telligenz)

;;; Sup ervising Professor: F. v on Henk e

;; ---------------- -- --- -- --- -- --- -- --- -- --- -- --- -- --- -- --- --- -

;; - SOL VER F OR BITVECTOR-THEOR Y

;; - ~~~~~~~~~~~~~~~~~~~~~~~~~~~

;; - WITH +fixed size

;; - +fixed extraction

;; - +comp osition

;; - +b o olean op erations

;; - +artithmetic [ via OBDDs]

;; ---------------- -- --- -- --- -- --- -- --- -- --- -- --- -- --- -- --- ---

;; - Oliv er M"oller (mo eller@ki.informatik.uni-ulm.de)

;; ---------------- -- --- -- --- -- --- -- --- -- --- -- --- -- --- -- --- ---

;; - File: b v ec fixed solv er

;; - Purp ose: Pro vides canonizer fixed-sigma

;; - and solv er fixed-b v-solv e

;; - Requires: b v ec structure.cl

;; - b v ec b dd solv e.cl

;; - b v ec arith.cl

;; - b v ec slicing.cl

;; ---------------- -- --- -- --- -- --- -- --- -- --- -- --- -- --- -- --- ---

;; - USA GE:

;; - Load and compile the required files in the listed order;

;; - Call (fixed-b v-solv e (BV-EQUAL < term1 > < term2 > ))

;; - [ for term structure refer to b v ec structure.cl]

;; - The function returns list, that con tains

;; - (a) the sym b ol 'TR UE if the equation is a tautology

;; - (b) the sym b ol 'F ALSE if the equation is unsatisfiable

;; - (c) else, a n um b er of lists

;; - (BV-EQUAL < original v ariable > < b v-term > )

;; ---------------- -- --- -- --- -- --- -- --- -- --- -- --- -- --- -- --- ---

;; NOTE:

;; The term notation is NOT iden tic with the one in the

;; Diploma Thesis!

;; Due to an (obsolete) design decision, the least significan t

;; bit is at the righ tmost p osition and concatenations are the

;; other w a y round as a consequence;

;; eg. ( x f 4 g o y f 4 g ) ^ (1,0) = y f 4 g ^ (1,0)

;;

;; Allegro Common Lisp V ersion

;; BEGUN: 1/9/1998

;;

;; +++++++++++++++++++ +++ ++

;; + General Settings

;; +++++++++++++++++++ +++ ++

(in-pac k age user)

;;; observing

(defconstan t *obs-fs* nil)

(defmacro obs-fs (arg)

(if *obs-fs* arg))

(defv ar *heuristic-no de-prior* 0)

(defv ar *heuristic-no de-p ost* 0)

;;; ** Loading **

(defun l1 () (load "/home/hiwi/mo eller/da/lisp/b v ec fixed solv er.cl"))

(defun ll ()

(load "/home/hiwi/mo eller/da/lisp/b v ec structure.cl")

(load "/home/hiwi/mo eller/da/lisp/b v ec b dd solv e.cl")

(load "/home/hiwi/mo eller/da/lisp/b v ec arith.cl")

(load "/home/hiwi/mo eller/da/lisp/b v ec slicing.cl")

(load "/home/hiwi/mo eller/da/lisp/b v ec fixed solv er.cl")

)

(defun cc ()

(compile-file "/home/hiwi/mo eller/da/lisp/b v ec structure.cl")

(compile-file "/home/hiwi/mo eller/da/lisp/b v ec b dd solv e.cl")

(compile-file "/home/hiwi/mo eller/da/lisp/b v ec arith.cl")

(compile-file "/home/hiwi/mo eller/da/lisp/b v ec slicing.cl")

(compile-file "/home/hiwi/mo eller/da/lisp/b v ec fixed solv er.cl")

;-

(load "/home/hiwi/mo eller/da/lisp/b v ec structure.fasl")

(load "/home/hiwi/mo eller/da/lisp/b v ec b dd solv e.fasl")

(load "/home/hiwi/mo eller/da/lisp/b v ec arith.fasl")

(load "/home/hiwi/mo eller/da/lisp/b v ec slicing.fasl")

(load "/home/hiwi/mo eller/da/lisp/b v ec fixed solv er.fasl"))

;;;; ----------------- -- --- -- --- -- --- -- --- -- --- --- -- --- -- --- -- --- -

;;;; ----------------- -- --- -- --- -- --- -- --- -- --- --- -- --- -- --- -- --- -

;;;; THE CANONIZER ---------------- --- -- --- -- --- -- --- -- --- -- --- --

;;;; ----------------- -- --- -- --- -- --- -- --- -- --- --- -- --- -- --- -- --- -

;;;; ----------------- -- --- -- --- -- --- -- --- -- --- --- -- --- -- --- -- --- -
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(defun fixed-sigma (b v)

;; (ifassert (is-fixed-b v? b v))

(fixed-b eta (fixed-alpha b v)))

(defun fixed-alpha (b v)

(cond

((or (rec-b v-v ar? b v)

(rec-b v-const? b v))

b v)

((rec-b v-comp osition? b v)

(mak e-b v-comp osition

(fixed-alpha (b v-decomp ose-left b v))

(fixed-alpha (b v-decomp ose-righ t b v))))

((rec-b v-extraction? b v)

(fixed-alpha-extraction b v))

((rec-b v-b o ol-apply? b v)

(fixed-gamma b v))

((no de-p b v)

(lift-b dd-if b v))

((rec-b v-addition? b v)

(fixed-delta b v))

(t (error-misc "fixed-alpha" b v "not caugh t."))))

(defun fixed-alpha-extraction (b v)

(let* ((arg (fixed-alpha (b v-extraction-b v b v)))

(left (b v-extraction-left b v))

(righ t (b v-extraction-righ t b v))

(len (b v-length arg))

(times (1+ (- left righ t))))

(cond

((eq len times) arg)

((rec-b v-extraction? arg)

(fixed-alpha-extraction

(mak e-b v-extraction

(b v-extraction-b v arg)

(+ left (b v-extraction-righ t arg))

(+ righ t (b v-extraction-righ t arg)))))

((rec-b v-comp osition? arg)

(let* ((b v-left (b v-decomp ose-left arg))

(b v-righ t (b v-decomp ose-righ t arg))

(lr (b v-length b v-righ t)))

(cond

(( < left lr)

(fixed-alpha-extraction

(mak e-b v-extraction b v-righ t left righ t)))

(( > = righ t lr)

(fixed-alpha (mak e-b v-extraction b v-left (- left lr) (- righ t lr))))

(t (mak e-b v-comp osition

(fixed-alpha-extraction

(mak e-b v-extraction b v-left (- left lr) 0))

(fixed-alpha-extraction

(mak e-b v-extraction b v-righ t (- lr 1) righ t)))))))

((rec-b v-const? arg)

(extract-b v-const (b v-const-v alue arg) left righ t))

((rec-b v-v ar? arg) (mak e-b v-extraction arg left righ t))

((rec-b v-b o ol-apply? arg)

(fixed-gamma (mak e-b v-b o ol-apply (car arg)

(map car #'(lam b da (x) (fixed-alpha

(mak e-b v-extraction x left righ t)))

(cdr arg)))))

((no de-p arg)

(fixed-b dd-extraction arg left righ t))

;;--!-- tb c

(t (error-misc "fixed-alpha-extraction" b v "not caugh t.")))))

(defun fixed-b dd-extraction (arg left righ t)

;; Extract in all no des...

(let ((con ten t (fixed-alpha

(mak e-b v-extraction (no de-v ariable arg) left righ t)))

(n (1+ (- left righ t)))

(then (no de-then arg))

(else (no de-else arg)))

(if (leaf-no de? arg)

(cond

((true-no de? arg) (mak e-true-no de n))

((false-no de? arg) (mak e-false-no de n))

(t (error-misc "fixed-b dd-extraction" arg "illegal leaf no de.")))

(mak e-unique-no de

:V ARIABLE con ten t

:ELSE (fixed-b dd-extraction else left righ t)

:THEN (fixed-b dd-extraction then left righ t)))))

(defun fixed-b eta (b v)

(if (rec-b v-comp osition? b v)

(let* ((list (b v-comp osition-con ten t b v))

(actual (car list))

(next (cadr list))

(rest (cddr list))

(res nil))

(flet ((matc hes ()

(or (and (rec-b v-const? actual)

(rec-b v-const? next))

(and (rec-b v-extraction? actual)

(rec-b v-extraction? next)

(equal (b v-extraction-b v actual)

(b v-extraction-b v next))

(= (1+ (b v-extraction-left next))

(b v-extraction-righ t actual)))

(and (no de-p actual)

(no de-p next)

(no des-matc h? actual next))))

(melt ()

(setf

actual (cond

((rec-b v-const? actual)

(app end-b v-const actual next))

((rec-b v-extraction? actual)

(fixed-alpha (mak e-b v-extraction

(b v-extraction-b v actual)

(b v-extraction-left actual)

(b v-extraction-righ t next))))

((no de-p actual)

(attac h-no des actual next))

(t (error "[lo cal]melt" actual "not caugh t.")))

next (car rest)

rest (cdr rest))))

(lo op while next do

(lo op while (and next (matc hes)) do (melt))

(push actual res)

(setf actual next

next (car rest)

rest (cdr rest)))

(if actual (push actual res))

(mak e-b v-comp osition-from-list (rev erse res))))

b v))

(defun fixed-gamma (b v)

;; T urns b o olan expressions in to BDDs

(cond

((no de-p b v) b v)

((rec-b v-b o ol-apply? b v)

(let* ((op (car b v))

(args (map car #'(lam b da (x)

(fixed-alpha

(flatten-b v-constan ts x)))

(cdr b v)))

(slicing (o v erla y-v ector-list

(map car #'b v-term-to-slicing args)))

(arg-lists (ziplis (map car #'(lam b da (x)

(map car #'lift-to-b dd

(slice-b v-term x slicing)))

args))))

;;(princ (format nil "AR GS : ~a~%AR G-LISTS:~a~%" args arg-lists))

(mak e-b v-comp osition-from-list

(map car #'(lam b da (x) (lift-b dd-if

(b dd-apply-n op x (b v-length (car x)))))

arg-lists))

))

(t (error-misc "fixed-gamma" b v "not caugh t."))))

(defun fixed-delta (b v)

;; canonize an b v-addition (!)

(let* ((len (b v-addition-mo dulo b v))

(args (b v-addition-args b v))

(nargs (length args)))

(case nargs

(0 (mak e-b v-const 0 len))

(1 (fixed-alpha (car args)))

(2 (let ((slicing (mak e-fullslice len)))

(init-leaf-no des 1)

(mak e-b v-comp osition-from-list

(riple-carry-add (pairlis

(map car #'lift-to-b dd (slice-b v-term (first args)

slicing))

(map car #'lift-to-b dd (slice-b v-term (second args)

slicing)))

*false-no de*))))

(t (fixed-delta

(mak e-b v-addition-from-list

len

(cons (fixed-delta

(mak e-b v-addition len (car args) (cadr args)))

(cddr args))))))))

;;; &&&&&&&&&&&&&&&&&&&&& &&& &&& &&& &&& &&& &&& &&&

;;; T H E S O L V E R

;;; &&&&&&&&&&&&&&&&&&&&& &&& &&& &&& &&& &&& &&& &&&

(defun fixed-b v-solv e (eq &k ey (stream nil)

(heuristic-lev el 0)

(call-after-canon nil))

;;; Heuristics:

;;; 0: No melting of BDDs in adv ance of solving

;;; 1: Melting on connect= ONE no de matc hes (factor o o)

;;; 3: Melting on connect= factor 4

;;; 5: Melting on connect= factor 2.5

;;; 7: Melting on connect= factor 2

;;; 9: Melting on connect= factor 2.4

(ifassert (is-fixed-arith-b v-equation? eq))

(ifassert (eq (b v-length (second eq)) (b v-length (third eq))))

(setf *heuristic-no de-prior* 0

*heuristic-no de-p ost* 0)

(let ((term1 (flatten-b v-constan ts (fixed-sigma (second eq))))

(term2 (flatten-b v-constan ts (fixed-sigma (third eq)))))

(ifassert (eq (b v-length term1) (b v-length term2)))

(ifuncall call-after-canon)

(obs-fs (princ (format nil "T erm1: ~a~%" term1) stream))

(obs-fs (princ (format nil "T erm2: ~a~%" term2) stream))
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(fail-closure :SET nil)

(if (equalp term1 term2)

'(TR UE)

(let* (

(dumm y (obs-fs (princ (format nil "############### ##

Starting Csolv e ###############~% ") stream)))

(heuristically-com bined nil)

(not-trivially-true nil)

(slice (o v erla y-v ector-list

(list (b v-term-to-slicing term1)

(b v-term-to-slicing term2))))

(eqs (remo v e-duplicates

(pairlis

(slice-b v-term term1 slice)

(slice-b v-term term2 slice))

:TEST #'same-pair?))

(b o ol-eqs (if (= 1 (logand 1 heuristic-lev el))

(remo v e-if-not #'(lam b da (x) (or (no de-p (car x))

(no de-p (cdr x))))

eqs)))

(eqs (if (= 1 (logand 1 heuristic-lev el))

(remo v e-if #'(lam b da (x) (or (no de-p (car x))

(no de-p (cdr x))))

eqs)

eqs)) ;; non-b o ol-eqs

(v ars (remo v e-duplicates

(app end (lo op for vs in (map car #'car eqs) app end

(all-v ars-in-b v-term vs))

(lo op for vs in (map car #'cdr eqs) app end

(all-v ars-in-b v-term vs))

(lo op for vs in (map car #'car b o ol-eqs) app end

(all-v ars-in-b v-term vs))

(lo op for vs in (map car #'cdr b o ol-eqs) app end

(all-v ars-in-b v-term vs)))

:TEST #'equal))

(n v ars (length v ars))

(blo c ks (mak e-arra y (length v ars) :initial-elemen t nil))

(slices (lo op for v in v ars collect

(mak e-n ullslice (b v-v ar-length v))))

(c hanges t)

(final nil))

(declare (ignore dumm y))

(lab els ((fresh-v ar-call (v ar)

(nconc v ars (list v ar))

(nconc slices (list (mak e-n ullslice (b v-v ar-length v ar)))))

(v ar-p os (v ar) (p osition v ar v ars :TEST #'equal))

(v ar-slice (v ar)

(obs-fs (princ (format nil "-- (v ar-slice ~a) -- > " v ar) stream))

(let ((res

(cond

((rec-b v-v ar? v ar) (n th (v ar-p os v ar) slices))

((rec-b v-const? v ar)

(mak e-n ullslice (b v-const-length v ar)))

((rec-b v-extraction? v ar)

(extract-slice (n th (v ar-p os (b v-extraction-b v v ar)) slices)

(b v-extraction-left v ar)

(b v-extraction-righ t v ar)))

((and (no de-p v ar)

(leaf-no de? v ar))

(mak e-n ullslice (b v-length v ar)))

((no de-p v ar)

(o v erla y-v ector-list

(map car #'v ar-slice (v ars-of-no de v ar))))

(t (error-misc "(lo cal) v ar-slice" v ar "not caugh t.")))))

(obs-fs (princ (format nil "~a~%" res) stream))

res))

(en try-slice-v ar (extr)

(obs-fs (princ (format nil "-- (en try-slice-v ar ~a) -- > ~a~%" extr

"?") stream))

(cond

((rec-b v-const? extr))

((rec-b v-v ar? extr))

((no de-p extr)

(map car #'en try-slice-v ar (all-b dd-no des extr)))

((rec-b v-extraction? extr)

(let ((v ar (b v-extraction-b v extr))

(left (b v-extraction-left extr)))

;; only there is the new cut:

(setf (aref (v ar-slice v ar) left) t)))

(t (error-misc "[lo cal] en try-slice-v ar" extr "not caugh t."))))

;;;(has-failed? () (not p ossibly-solv able))

;;;(fail () (setf p ossibly-solv able nil))

)

(obs-fs (princ (format nil "Original V ars: ~a~%" v ars) stream))

(lo op for extr in (app end (all-recognized-in-arith-b o ol-b v-term term1

#'(lam b da (x) (rec-b v-extraction? x)))

(all-recognized-in-arith-b o ol-b v-term term2

#'(lam b da (x) (rec-b v-extraction? x)))) do

(en try-slice-v ar extr))

(lo op for e in eqs do

(obs-fs (princ (format nil "csolv e[~a = ~a]~%" (car e) (cdr e))

stream))

(lo op for b in (fixed-csolv e (car e) (cdr e)

:FRESH-V AR-CALL #'fresh-v ar-call

:F AIL #'fail-closure) do

(obs-fs (princ (format nil " = > ~a = ~a~%" (car b) (cdr b))

stream))

(setf not-trivially-true t)

(push (cdr b)

(aref blo c ks (v ar-p os (car b)))))

(if (has-failed?) (return)))

(setf heuristically-com bined (heuristically-com bine b o ol-eqs

:STREAM stream

:HEURISTIC-LEVEL heuristic-lev el))

(if (some #'false-no de? heuristically-com bined)

(fail-closure)

(lo op for e in (heuristically-com bine b o ol-eqs

:STREAM stream

:HEURISTIC-LEVEL heuristic-lev el)

do

(obs-fs (princ (format nil "csolv e[~a = TR UE]~%" e) stream))

(lo op for b in (fixed-csolv e-b dd e

:FRESH-V AR-CALL #'fresh-v ar-call

:F AIL #'fail-closure) do

(obs-fs (princ (format nil " = > ~a = ~a~%" (car b) (cdr b))

stream))

(setf not-trivially-true t)

(push (cdr b)

(aref blo c ks (v ar-p os (car b)))))

(if (has-failed?) (return))))

(obs-fs (princ (format nil "V ars : ~a~%Slices : ~a~%" v ars slices)

stream))

;;; ----------------- -- --- -- --- -- -

(if (has-failed?) (return-from fixed-b v-solv e '(F ALSE)))

(unless not-trivially-true (return-from fixed-b v-solv e '(TR UE)))

;;; ----------------- -- --- -- --- -- -

;;; Coarsest Slicing

;;; ----------------- -- --- -- --- -- -

(obs-fs (princ (format nil "############### ## Starting

Coarsest Slicing ############### ~%") stream))

(lo op while c hanges do

(setf c hanges nil)

(lo op for i from 0 to (1- n v ars) do

(let* ((sl (n th i slices))

(sl-old (cop y-slicing sl)))

(lo op for term in (aref blo c ks i) do

(let ((slice-list (map car #'v ar-slice

(rev erse (b v-flat-term-con ten t term)))))

(or-of-slices! sl slice-list)

(and-of-slices! sl-old slice-list)))

(unless (equalp sl sl-old)

(setf

c hanges t

(aref blo c ks i)

(map car #'(lam b da (x)

(mak e-b v-comp osition-from-list

(slice-b v-term x sl :ENTR Y-SLICE-V AR

#'en try-slice-v ar)))

(aref blo c ks i)))))))

;;; ----------------- -- --- -- --- -- -

;;; Propagation of Equalit y

;;; ----------------- -- --- -- --- -- -

(obs-fs (princ (format nil "############## ### # Starting

Propagation ############## ## ### ## ~%") stream))

(obs-fs (princ (format nil "V ars : ~a~%Slices : ~a~%Blo c ks : ~a~%"

v ars slices blo c ks) stream))

(setf final

(map car #'fixed-b eta

(pro cess-fixed-propagation

(lo op for i from 0 to (1- n v ars) collect

(let ((j 0)

(columns (mak e-list (length (slicing-to-c hop-list (n th i

slices))) :initial-elemen t nil)))

(lo op for line in (aref blo c ks i) do

(setf j 0)

(lo op for term in (b v-flat-term-con ten t line) do

(pushnew term (n th j columns)

:TEST #'equalp)

(incf j)))

columns))

:F AIL #'fail-closure

:HAS-F AILED? #'has-failed?

:STREAM stream)))

;;;--------------- --- --

;;; END

;;;--------------- --- --

(obs-fs (lo op for i from 0 to (1- n v ars) do

(princ (format nil "~a = ~a~%" (n th i v ars) (n th i final))

stream)))

;;;--------------- --- --

(if (has-failed?)

'(F ALSE)

(lo op for i from 0 to (1- n v ars) collect

(mak e-b v-equation

(n th i v ars)

(n th i final))))

)))))

;;; ************************* **** *

;;; F ailing Closure

;;; ************************* **** *

(defun fail-closure (&k ey (set t) (quest nil))

(defv ar *in ternal-fail-v ar*)

(cond

(quest *in ternal-fail-v ar*)

(t (setf *in ternal-fail-v ar* set))))

(defun has-failed? ()

(fail-closure :QUEST t))
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;;; ---

(defun pair-starts-with-1? (x)

(eq (car x) 1))

;;; =================== === === === === === === ===

(defun fixed-csolv e (t1 t2 &k ey (fresh-v ar-call nil)

(fail #'break))

;;; Ch unk-Solv e

;;; where t1 and t2 are flat terms

;;; when creating fresh v ariables, fresh-v ar-call is called with

;;; the fresh v ar as an argumen t

(cond

((equal t1 t2) nil)

((and (rec-b v-const? t1)

(rec-b v-const? t2))

(ifuncall fail) nil)

((or (no de-p t1)

(no de-p t2))

(fixed-csolv e-b dd (b dd-apply-n 'BV-EQUIV

'(,(lift-to-b dd t1) ,(lift-to-b dd t2))

(b v-length t1))

:FRESH-V AR-CALL fresh-v ar-call

:F AIL fail))

((rec-b v-const? t1)

(list (cons (fixed-b v-con ten t t2)

(pad-fixed-b v-if t1 t2 :FRESH-V AR-CALL fresh-v ar-call))))

((rec-b v-const? t2)

(list (cons (fixed-b v-con ten t t1)

(pad-fixed-b v-if t2 t1 :FRESH-V AR-CALL fresh-v ar-call))))

;;; Tw o non-constan ts!

((and (rec-b v-v ar-or-v ar-extract? t1)

(rec-b v-v ar-or-v ar-extract? t2))

(fixed-csolv e-v ar-v ar t1 t2 :FRESH-V AR-CALL fresh-v ar-call))

(t (error-misc "fixed-csolv e" (list t1 t2) "not caugh t."))))

(defun fixed-csolv e-v ar-v ar (t1 t2 &k ey (fresh-v ar-call nil))

(let ((v1 (fixed-b v-con ten t t1))

(v2 (fixed-b v-con ten t t2)))

(if (equal v1 v2)

;;; csolv e-same-v ar [ extraction, neccessarily]

(let* ((len (b v-v ar-length v1))

(l1 (b v-extraction-left t1))

(r1 (b v-extraction-righ t t1))

(l2 (b v-extraction-left t2))

(r2 (b v-extraction-righ t t2))

(hl (max l1 l2))

(ll (min l1 l2))

(hr (max r1 r2))

(lr (min r1 r2)))

(if ( < ll hr)

(let ((common (mak e-fresh-b v-v ar (1+ (- hl hr))

:FRESH-V AR-CALL fresh-v ar-call)))

(list

(cons

v1 (mak e-b v-comp osition-from-list

(list (mak e-fresh-b v-v ar (- len hl 1)

:FRESH-V AR-CALL fresh-v ar-call)

common

(mak e-fresh-b v-v ar (- hr ll 1)

:FRESH-V AR-CALL fresh-v ar-call)

common

(mak e-fresh-b v-v ar lr

:FRESH-V AR-CALL fresh-v ar-call))))))

(let* ((delta (- hr lr))

(o v erlap (1+ (- ll hr)))

(gamma (+ o v erlap delta delta))

(k-times (DIV gamma delta))

(lam b da (MOD gamma delta))

(fresh1 (mak e-fresh-b v-v ar lam b da

:FRESH-V AR-CALL fresh-v ar-call))

(fresh2 (mak e-fresh-b v-v ar (- delta lam b da)

:FRESH-V AR-CALL fresh-v ar-call)))

(list

(cons v1

(fixed-alpha

(pad-fixed-b v-if

(mak e-b v-comp osition-from-list

(cons fresh1 (lo op for i from 1 to k-times app end

(list fresh2 fresh1))))

(mak e-b v-extraction v1 hl lr)

:FRESH-V AR-CALL fresh-v ar-call)))))))

;; -- differen t v ars --

(let ((fresh (mak e-fresh-b v-v ar (b v-length t1) :FRESH-V AR-CALL

fresh-v ar-call)))

(list

(cons v1 (pad-fixed-b v-if fresh t1 :FRESH-V AR-CALL fresh-v ar-call))

(cons v2 (pad-fixed-b v-if fresh t2 :FRESH-V AR-CALL fresh-v ar-

call)))))))

(defun fixed-csolv e-b dd (no de &k ey (fresh-v ar-call nil)

(fail nil))

(let* ((len (b v-length no de)))

(init-leaf-no des len)

(lo op for res in (b dd-solv e no de

:FRESH-V AR-CALL fresh-v ar-call

:F AIL fail) collect

(cons

(fixed-b v-con ten t (car res))

(pad-fixed-b v-if (cdr res) (car res) :FRESH-V AR-CALL fresh-v ar-

call)))))

(defun heuristically-com bine (b o ol-eq-list &k ey (stream nil)

(heuristic-lev el 1))

;;; Heuristic-Lev el: 1 - > w eakly connected

;;; 3 - > only strongly connected

;;; 5 - > only hea vy connected

(setf *heuristic-no de-prior* (length b o ol-eq-list))

(unless (n ull b o ol-eq-list)

(let ((phi (lo op for b in b o ol-eq-list collect

(let ((no de (b dd-apply-n 'BV-EQUIV

'(,(lift-to-b dd (car b))

,(lift-to-b dd (cdr b)))

(b v-length (car b)))))

(cons no de (all-b dd-no des no de)))))

(actual nil)

(res nil)

(c hanges nil))

(flet ((connected? (a b)

(case heuristic-lev el

(1 (not (n ull (in tersection (cdr a) (cdr b) :TEST #'equal))))

(3 ( < = (+ (length (cdr a)) (length (cdr b)))

(* 4 (length (in tersection (cdr a) (cdr b) :TEST #'equal)))))

(5 ( < = (+ (length (cdr a)) (length (cdr b)))

(* 2.5 (length (in tersection (cdr a) (cdr b) :TEST

#'equal)))))

(7 (= (+ (length (cdr a)) (length (cdr b)))

(* 2 (length (in tersection (cdr a) (cdr b) :TEST #'equal)))))

(9 ( < = (+ (length (cdr a)) (length (cdr b)))

(* 2.4 (length (in tersection (cdr a) (cdr b) :TEST

#'equal))))) ;; T estb ed

(t (error-misc "heuristically com bine" (list heuristic-lev el)

"unkno wn heuristic")))))

(lo op while phi do

(setf actual (car phi)

phi (cdr phi)

c hanges t)

(lo op while c hanges do

(setf c hanges nil)

(lo op for new in phi do

(if (connected? actual new)

(let ((new-no de (b dd-apply-n 'BV-AND '(,(car actual)

,(car new)) (b v-length (car actual)))))

(setf c hanges t

actual (cons new-no de (all-b dd-no des new-no de))

phi (delete new phi :TEST #'equalp))

(return)))))

(push (car actual) res))

(obs-fs (princ (format nil "Heuristically com bine resulted in ~d

No des:~%~a~%" (length res) res) stream))

(setf *heuristic-no de-p ost* (length res))

res))))

;;; ===================== === === === =

(defun pro cess-fixed-propagation (llist &k ey (fail #'break)

(has-failed? #'break)

(stream nil))

;; Propagate equalit y within a list of lists of equiv alence classes

;; [eac h list represen ting one original v ariable]

;; builds asso c-list represen ting the union-find-structure

;; Returns a list of terms

(let* ((alist nil)

(all-con ten ts (lo op for e in llist app end

(apply #'app end e)))

(flats (remo v e-if #'is-b v-const?

(lo op for con t in all-con ten ts

app end

(if (no de-p con t)

(all-b dd-no des con t)

'(,con t)))))

(flat-times (map car #'(lam b da (x) (coun t x flats :TEST #'equal))

flats))

(flat-zip (pairlis flat-times flats))

(one-timers

(map car #'cdr

(remo v e-if-not #'pair-starts-with-1? flat-zip)))

(b dds (remo v e-if-not #'no de-p

(remo v e-duplicates all-con ten ts :TEST #'equal)))

(n-b dds (length b dds))

(n um-to-b dd (pairlis (coun t-up n-b dds) b dds))

(rep-llist (lo op for v ar in llist collect

(lo op for column in v ar collect

(lo op for en try in column collect

(if (no de-p en try)

(find-via-rasso c en try n um-to-b dd :TEST

#'eq)

en try)))))

(c h unks (remo v e-duplicates flats :TEST #'equal))

(c h unk-to-indices

(lo op for c in c h unks collect

(cons c

(lo op for b in b dds app end

(if (mem b er c (all-b dd-no des b) :TEST #'equal)

(list (car (rasso c b n um-to-b dd))))))))
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(classes

(lo op for v arcl in rep-llist app end

(lo op for cl in v arcl collect

(set-difference cl one-timers :TEST #'equal)))))

(lab els ((replace-in-indices (c h unk b dd)

(if b dds

(lo op for i in (cdr (asso c c h unk c h unk-to-indices :TEST

#'equal)) do

(let* ((old-b dd (cdr (asso c i n um-to-b dd)))

(old-c hks (all-b dd-no des old-b dd))

(new-b dd (b dd-comp ose old-b dd (lift-to-b dd b dd)

c h unk))

(new-c hks (all-b dd-no des new-b dd))

(obsolete (set-difference old-c hks new-c hks

:TEST #'equal))

(new comers (set-difference new-c hks old-c hks)))

(obs-fs (princ (format nil "Replacing [~d] ~a~%via ~a

< - ~a~%b y ~a~%" i old-b dd c h unk b dd new-b dd) stream))

(setf n um-to-b dd

(cons (cons i new-b dd)

(delete i n um-to-b dd :TEST #'(lam b da (x y) (eq

x (car y))))))

;;; The follo wing, strangely , do es not w ork

;;; (setf (cdr (asso c i n um-to-b dd)) new-b dd)

(lo op for c in obsolete do

(let ((find (asso c c c h unk-to-indices :TEST #'equal)))

(if find

(setf (n th (p osition find c h unk-to-indices :TEST

#'equal)

c h unk-to-indices)

(delete i find)))))

(obs-fs (princ (format nil "c h unk-to-indices after

deleting:~%~a~%" c h unk-to-indices) stream))

(lo op for c in new comers do

(insert-index c i))))))

;;;-------------- --- -- -

(insert-index (c ind)

(let ((find (asso c c c h unk-to-indices :TEST #'equal)))

(if find

(setf (n th (p osition c c h unk-to-indices

:TEST #'(lam b da (x y) (equal x (car y))))

c h unk-to-indices)

(nconc find '(,ind)))

(push (list c ind) c h unk-to-indices))

(obs-fs (princ (format nil "New index for ~a: ~a~%Ch unk-to-

indices: ~a~%" c ind c h unk-to-indices) stream))))

;;; ----------------

(fs-merge (a b)

(let ((af (find-via-asso c a alist))

(bf (find-via-asso c b alist)))

(obs-fs (princ (format nil "-- merging: ~a~% ~a~%" af

bf) stream))

(cond

((equal af bf))

((and (rec-b v-const? af)

(rec-b v-const? bf))

(ifuncall fail)

(return-from pro cess-fixed-propagation nil))

;;; --- here c hec k for b o oleans:

((or (n um b erp af)

(n um b erp bf))

(let* ((b dd1 (lift-to-b dd (find-via-asso c af n um-to-b dd)))

(b dd2 (lift-to-b dd (find-via-asso c bf n um-to-b dd)))

(n (b v-length b dd1))

(no de (b dd-apply-n 'BV-EQUIV '(,b dd1 ,b dd2) n)))

(lo op for eq in (b dd-solv e no de :F AIL fail) do

(obs-fs (princ (format nil "..merge ~a = > ~a~%" (car

eq) (cdr eq)) stream))

(if (ifuncall has-failed?)

(return-from pro cess-fixed-propagation nil))

(if (no de-p (cdr eq))

(progn

(lo op for c in (all-b dd-no des (cdr eq)) do

(insert-index c n-b dds))

(replace-in-indices (car eq) (cdr eq))

(push (cons n-b dds (cdr eq)) n um-to-b dd)

(push (cons (car eq) n-b dds) alist)

(incf n-b dds))

(progn

(replace-in-indices (car eq) (cdr eq))

(push eq alist))))))

((rec-b v-const? af)

(setf alist (acons bf af alist))

(replace-in-indices bf af))

(t (setf alist (acons af bf alist))

(replace-in-indices af bf))))))

(obs-fs (progn

(princ (format nil "BDD-Em b eddings:~%~a~%" n um-to-b dd)

stream)

(princ (format nil "Ch unks-to-Indices:~%~a~%" c h unk-to-indices)

stream)

(princ (format nil "Equiv alence Classes:~%") stream)

(lo op for cl in classes do

(princ (format nil "~a,~%" cl) stream))))

(lo op for c in classes do

;; sometimes b etter: other order!

(unless (n ull c)

(let ((a (find-via-asso c (car c) alist)))

(lo op for b in (cdr c) do

(fs-merge a b)))))

(obs-fs (princ (format nil "BDD-Em b edding:~%~a~%Alist: ~a~%- >

Com bining result~%" n um-to-b dd alist) stream))

(let ((i -1))

(lo op for origc in rep-llist collect

(progn

(obs-fs (princ (format nil "Column-list: ~a~%" origc) stream))

(mak e-b v-comp osition-from-list

(lo op for column in origc collect

(progn

(incf i)

(lift-b dd-if

(or (find-via-asso c (car (n th i classes)) (app end alist

n um-to-b dd))

(mak e-fresh-b v-v ar (b v-length (car column))))))))))))))

(defun find-via-asso c (el alist &k ey (test #'equal))

(let ((res (asso c el alist :TEST test)))

(if (n ull res)

el

(find-via-asso c (cdr res) alist))))

(defun find-via-rasso c (el alist &k ey (test #'equal))

(let ((res (rasso c el alist :TEST test)))

(if (n ull res)

el

(find-via-rasso c (car res) alist))))

(defun fixed-b v-con ten t (term)

(cond

((rec-b v-v ar? term) term)

((rec-b v-extraction? term) (b v-extraction-b v term))

(t (error-misc "fixed-b v-con ten t" term "not caugh t."))))

(defun pad-fixed-b v-if (term pattern &k ey (fresh-v ar-call nil))

;;; returns a ev en tually padded b v-term with > term < in the middle

;;; according to pattern (p ossibly an extraction)

(cond

;; no padding

((rec-b v-v ar? pattern)

term)

((rec-b v-extraction? pattern)

(let ((len (b v-length (b v-extraction-b v pattern)))

(left (b v-extraction-left pattern))

(righ t (b v-extraction-righ t pattern)))

(mak e-b v-comp osition-from-list

(list (mak e-fresh-b v-v ar (- len left 1) :FRESH-V AR-CALL fresh-v ar-call)

term

(mak e-fresh-b v-v ar righ t :FRESH-V AR-CALL fresh-v ar-call)))))

(t (error-misc "pad-fixed-b v-if" pattern "not caugh t"))))

(defun same-pair? (x y)

(or (equalp x y)

(and (equalp (car x) (cdr y))

(equalp (car y) (cdr x)))))

;;; ********************

;;; Examples

;;; ********************

(defun ex-1 () ;;; T A UTOLOGY

(fixed-b v-solv e

'(BV-EQUAL

(b v-addition 4 (b v-v ar x 4) (b v-v ar y 4))

(b v-addition 4 (b v-v ar y 4) (b v-v ar x 4)))))

(defun ex-2 () ;;; UNSA TISFIABLE

(fixed-b v-solv e

'(BV-EQUAL (b v-comp ose (b v-v ar x 16) (b v-extract (b v-v ar x 16)

(tup cons 11 0)))

(b v-comp ose (b v-v ar y 4) (b v-const 0 12) (b v-const 0 12)))))

(defun ex-3 () ;; Satisfiable but not v alid

(fixed-b v-solv e

'(b v-equal

(b v-and (b v-v ar x 3)

(b v-v ar y 3))

(b v-v ar x 3))))
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